
paBeHCTBa: 

a' = 1; a"'· a• = a-",· a"': a" = a,....",· 

(a• t =a-; (ab r = a"b11
; 

.(:)" = ::: ,-• = ~· 

J;2 = Ia! ={a, ecJIH a ~ 0, 
-a, ecJIH a < 0 

0CHOBHble CBOMCTB8 MOAYnJI: 

I~~ o: I~ -lbl ~ Ia±~ ~ Ia! +!hi; 
1-~ =I~: !a-hj =!h-al. 

1. AputjJMemutteCKOR ( 7) 
(at - nepsbtii 'IJICH, d- pa3HOCTL, n- 'IHCJJO 

'llleHos, a,.- n-H 'IJieH, S.. - cyMMa n nepBLIX 

'IJieHOB) a + a 
a =a +..nn-1\· n = 11- 1 ro+l. 

.. I "'\ ,. - 2 I 

d =a -a · d = a, -a,.. (n ~ m \. 11+1 rr' , ..,_ J1 
n-m 

S = llt +a, ·n = 2a1 +d{n-1) .,. 
n 2 2 ' 

a,. +a.,= aP +a,, r.nen+m = p+q. 

2. Teo;wempu'leCKOR (::) 

bt - nepBLIH 'IJieH, b,.- n-it 'IJieH (b11 ;I; 0), 
11- 'IHCJIO 'llleHOB, q- 3HaMCH8TeJTh ( q '¢ 0 ), 
S, - C}'MM& n nepsLIX 'llleHOB 

b, = bl •f "-t; b; = h,._. ·b,+l• b, * 0,· 

S, ~~-q" )= bl -b,q npHq '¢}; 

1-q 1- q 
S, = n·b1 npuq = 1; 

b b 
q= r' .. q ... ="b; , . 
b,b,.. =b,b,,r.nen+m = p+q 

()'MMD 6eCKOHettHOU zeo;wempu'leCKOU 

npozpeccuu S = _!i_, ~~ < 1 
1-q 

(a1 > O,n e Z) 
tft +a +K +a 

Cpe~ce apatfiMeTIAectroe 2 n " 

C~cereoMetpJAecKoe ~a1 ·a2 ·K ·a,. 

,.f. K a1 +a2 +K +a,. 
~~~t·az· ·a,~ -, 

06PA30BAHHE 

(a±bf =a2 ±2ab+b2
; 

(a±bf =a3 ±3a2b+3ab2 ±b3 
WIU 

(a±bf =a3 ±b3 ±3ab{a±b} 
a 2 - b2 =(a- bXa+b} 
a3 ±ll = (a±bXa2+ ab+b2

} 

(a±b±cf = a 2 +b2 +~ ± 
±2ab±2ac+2bc; 

(a ±bf ={a±bXa±b} 
(a-bf =(b- af 

llpoU36()()Hble HeKomopblX pyHICfiUU 
(a, b, A; C- nocmoRHHIJU!) 

C' = 0,· (h +b) = k; 

x' = 1; {x• J = n·x"-t; 

{sinxJ = cosx,· (cotxJ =-sin x; 

(tgxJ =-
1
- ; (ctgxJ =- -.1-; 

cos2x sm2x 

(lnxJ =.!.; (toga xJ =-1-; 
x x·lna 

~ .. J = e:& ,· {P" J =a" ·In a; 

(arcsin x)'= ~.· (arccosx )' = -~.· 
"Vl - x2 ,Yl-xl 

(arctg x) = __!__ ,· (arcctg x) = _ __!__ 
l+x2 l+x2 

llpaBWla durjHpepeH7JUpotUIHWl 
(U, V -~II, C-noctnOJIHHOR) 

(CvJ = Cv',· (u+vJ = 11' +v'; 

' (")' u'v-v'u (uv) = 11'v+uv',· -; = v2 ; 

{g{r(x))) = g'(f(x))·f'(x~ 
ZOe g(f( X})- CJlO:JICHQR r/JJ1111CJ#UII. 

TeoMemptN6CIC:uii CMbiCJI 11pOU36o0HOU 

/'(x.)= tg a= k. 
3Hll'ICBBC 1IpOH3BO,liHOil ~~ B TO'IKC paBHO 

yrJIOBOMY ~HU;IICHT)' KllCaTCJibHOH K rpe4mKy 
(>yHKIUIH B 3TOH TO'IKC. 

lf>u3u'4eCKUU CM&JCll npoii3BOOHOU 

v{t )· .r'(t) 
CKopocn. - npoH3BO,liH8JI OT Itoop.IIJIH&Thl no 
BpCMCBB. ~) :o v'(t) 
Y CKOpeRBe - npOH3BO,liH8JI ot aopocm no 
BpeMCHII. 

YpatmeHue Kacame.nbHOU 

YpaaaeBBe KaCaTeJibHOii It rpa~Hicy ~~ f 
a TO'IKe rpa(>mca c a6cQHccoA Xo 

Y = J(Xo)+ f'(XoXx-xo). 

~ JllOOLIX HaTYPaJihHLIX n H k, OOJll.IDHX 1, 
H JII06wx a ;;:: 0 H b ;;:: 0 BepHLI paBeHCTBa: 

\lab =f/;.'-fh,· (;~ay =W: 
~= ~ (b~ O}· w; =tla.· 

~ =~; (\laJ =a,· 

Va ~ Vb. eCJIH 0 ~a< b; 

2.q;;; = ,~.. 211+.(:; = _2•-(; 

a~ =Y.meZ,neN 

Ecnu m<O, ro a>O, ecnH •>0, To a;;::o 

TaiMUfla nefJ6oOOpa3HbU HeKomopbU 
r/JyHKIIUU 

(., A;c- -,.e) 

cl>yma:nur f(x) Ilepsoo6pa:JHU F(x) 
k kx + C 

x~ (neZ,n~-l) 
x"+l 
n+l+C 

1 
2./x+C ..[X 

sinx -cosx+C 
cosx sinx + C 

1 tgx +C 
cos2 x 

l 
- ctgx + C 

sin2 x 
1 Inlxj+C -
X 
ex ex + C 

X 

a~ ..E._ + c 
Ina 

ilpaBWia Haxo:JICOeHUR neptW06pa:JHbU: 
1. ECJJH .F- rrepJIOO(jpa3Hilll ,wu: f, a 

G- nepaoo6pa:JHIUI AJlll g, ro F + G 
ecTt. rrepaoo6pa:Jaaa wmf + g. 

2. ECJJH F - nep:aoo6pasau ,wu: J, a 
1 - IIOCTOJIHHIUI, TO ~ lcF CCTL 

nepBoOOpa3HU )VIJI kf 
3. ECJJH Jitx)- nepB006paJHilll AU J(x), 

a k "F 0 H b - IIOCTO.IHBbiC, TO 

.!.. F(h+ b) ecn. nepaoo6pa3uu 
k ]1JI6.j(kx + b). 

ciJopM)lna HbTOmoHa - Jlei6HUtfll 

EcJm F - ncpBoo6pa:JHM ,IVIJlfua [a; b ], To 
b 

ft(x)dx = F(b)-F(a) 

HeKomopbie cBOucmsa UHmezpalla 
b b 

jlf(x)dx = k: Jl(x)dx; 
a a 

• b b 

J{t(x)+g(x))dx = Jl(x)dx+ jg{x)dx 
• a a 



0clf06Hble t/JoJ'MYIIbl 

2 1 1r 
sin2x+cos2x=l,· l+tg x=--

2
-,x:;t:-+nn,neZ; 

cosx 2 . 
sinx 1E COS% 

tg x= - · - x:;t:-+nn neZ· ctgx=-- x;:J;nn neZ· 
COS X , 2 • • sin X • • • 

nn 2 1 
tgx·ctgx = 1, x :;t: - , n e Z; 1 +ctg x = -.-2-, x * nn, n e Z. 

2 sm x 

(/>opM)'llbl CJIOXeHUR 

sin (x ± y) = sin x cosy± cos x sin y; 

cos (x±y)= cosxcosy=F sin xsiny; 

tg(x±y)- tgx±tgy , x, y, x±y :;t:!!.+nn, n e Z 
1±tgxtgy 2 

tllopM)'Jibl OJIJI KpatnHblJC YZJlOtl 

sin 2x = 2 sin x cos x,· sin 3x = 3 sin x-4 sin3 x,· 

cos2x = cos2x-sin2x = 2cos2x-l = l-2sin2x,· 
J 2tgx tr 

cos3x=4cos x-3cosx,· tg2x= 
2 

,x:;t:-+nn,neZ 
1-tg X 2 

<PopM)'llbl nOJI06UHHOZO apZ)I.MeHma 

• 2 x 1-cosx 2 x 1+cosx 
sm 2= 2 ; cos 2= 2 ,· 

x sinx 1-cosx 
tg-= = , x * tr + 2nn, n e Z 

2 1+cosx sinx 

(/>opMyJia Oo110JfHUmeJl"bHOZO )'ZJfQ 

a sin x+b cosx = .Ja2 +b2 sin (x+rp~ r,~~;etp =arctg! 
a 

sin a cos a tgaH ctga 

-$-. -$ X -$ X 

8ftl8in{-x)=- arcsin x; arecos{-x)= tr- arccosx,· 

arctg(- x) =- arctg x; arcctg(-x) = 1r- arcctg x; 

arcsin x + arccos x = tr npH ~~ S 1; arctg x + arcctg x = !!.. ; 
2 2 

sin(arcsinx)= xnpH lxl S 1,· cos{arecosx)= x, ecJIHixl S 1,· 

arcsin( sin x) = x npH ~~ S!!...; arctg(tg x) = x npH ~~ <!!... ,· 
2 2 

arccos{cosx)= xnpHO SxStr,· tg(arctg x)=xnpHx e R; 

ctg(arcctg x) = x,· arcctg{ctg x) = x, ecJIH 0 < x < 1r. 

ao Cf 30° 45° 6Cf 90° 120° 135° 150° 
a' PII.A 0 1f 16 1r /4 71:/3 tr/2 2tr /3 3tr/4 5tr /6 

sin a 0 
1 .fi .J3 1 .J3 .fi 1 - - - -
2 2 2 2 2 2 

1 .J3 .fi 1 1 .fi J3 cos a - - 0 -- --
2 2 2 2 2 2 
1 

.[j -.J3 1 
tga 0 13 1 - -1 -fj 

.J3 
1 1 

-..fi ctga - l 13 0 -fj -1 

180° 
1r 

0 

-l 

0 

-

4JopM)'Jibl npeofipa:JotlaHUR C)IMMbl B npoU3Bet)eHUe 

. . 
2 

. x+y x-y 
sm x + sm y = sm--cos--; 

2 2 
. . 

2 
. x-y x+y 

smx-smy= sm--cos--· 2 2 , 

x+y x-y 
cos x +cosy= 2 cos--cos--; 

2 2 

2 
. x+y . x-y 

cosx-cosy=- sm-- sm--· 
2 2 I 

sin(x±y) tr 
tgx±tgy , x, y:;t:-+nn, n e Z; 

cosxcosy 2 

sin{y±x) 
ctg x ± ctg y . . , x, y * nn, n e Z 

smxsmy 
<PoJ'MYJJbl npe00pa306QHUR npoU36et}eHUR B C)IA«My 

sin x ·sin y =.!.(cos(x- y}-cos(x+ y )}· 
2 

cosx·cosy =.!.(cos(x-y}+cos(x+ y)}· 
2 

sin x ·cosy= .!.(sin(x- y )+ sin(x + y )) 
2 

YHUBepcallbHQJI noocmaH06KQ 

1- tg
2 (=-) 2 tg(=-) 

cosx= 
2 

sinx= 
2 

l+tg2(~)' l+tg2(~)' 

a tr-a 

sin a sin a 
cos a -cos a 
tga -tga 
ctga -ctga 

a 0 

arcsin a 0 
arccos a tr/2 

x;:J;tr+2nn,neZ 
<PDPMY""' npuset)enUR 

tr+a 71: " 371: --a -+a --a 
2 2 2 

- sin a cos a cos a -cos a 
-cos a sin a -sin a -sin a 

tga ctga -ctga ctga 
ctga tga -tga tga 

1 - J2 .J3 
2 2 2 

71:!6 tr/4 tr/3 
tr/3 7r/4 tr/6 

371: 
~+a 

2 
-cos a 

sin a 
-ctga 
-tga 

1 

71:!2 
0 

1 
.J3 a 0 73 1 

arctga 

arcctga 

2700 360° 
371:/2 2tr 

-1 0 

0 1 

- 0 

0 -

0 
1r /2 

tr/6 7r/4 

tr/3 tr/4 

0000~. 2007 

r. ...... ~~. 21 

E'*"'l:~tv 
Hltl:f,_,irlfi:Jptasttu 

71:/3 
1r /6 



log0 b = c (rJJ.C b>O, a>O, a~ 1) 
ron~a H TOJibKO ror,!la, xorA3 tie • b. 
~HOBHOeRozqpu~qeCKoe 

mo:JK:Oecm6o 
aloaab=b 

C6oiicm6a llozapul/JM06 

(a > 0, a~ 1, b > 0, c > 0) 

loga 1 = 0; log.,a = 1,· 

loga(bc )= log,.b+ lo&,c; 

log, ~) = log.,b -log.,c; 

log.bk = k ·log,.b; 
ecJIH k-'leTHoe: log,.ll=k·log

0
lbl 

log.b = lolo&,;b (c ~ 1} 
&,a 

log,b=-.-1- (b~l)­
ogba 

log0,.b'"=~·log,_b (n~O} 

ail+ bx + c = 0, a ;t: 0 

D == b2 
- 4ac - OUCKfJUMUHaHm 

KBII,lq)aTHoro ypmmeniD!. 

ECJIH D < 0, TO ypmmeHHe ae HMeeT 
~eACTBHTerrbHlJX xopuei. 

ECJIH D = 0, TO ypa.Bueuue HMeeT 1 Kopem. 
b 

X=--
2a 

ECJIH D > 0, TO ypa.Bueuue HMeeT 2 KopHJI: 

-b+.JD -b-.JD 
X1 = , X2= 

2a 2a 
TeopeMa Buema 

ECJIH npHBe~C!HHoe KB3,lq)aTHoe ypaBHeHHe 
~ px + q = 0 HMeeT l<OpHH X1 H Xz 

(T.e. D ~ 0), TO 
x1 +x2 =-p, x1 ·x2 =q 

TeopeMa, o6pamHast meopeMe Buema 
EcJm 'IHCJia m H n TIIKOJILI, 'ITO 

m+n=-p H m·n=q, ro 3TH 'IHCJia 

JIBJiliiOTCJI KOpHliMH ypaBHeHHJI 

~+ja+lj=G. 

Kf/OOpamHoe ypaBHeHue c qemHbUt 
BmopbiM Ko3ljxpuijueHmoM 

ail+ 2kx + c = 0, zOe b = 2k 

n•=J?--ac, ~·=tn) 
-k±..fii* 

EcJIH D* > 0, TO X1.2 = : 
k a 

ecnuD• = 0, Tox = --
a 

Pa3Jfo:JK:eHue K6aOpamH020 
lfiPi!x'uieHa Ha MHOJICUmeJIU 

Ecmr X1 H x2 - KOpHH ICII8Jq)8THOro 

TPC!x'l.llena aJ1 + bx + c. TO 
ta'+IB +c =a(x- fx-x"J) 

y=kx 

~ 
~ 
y=sinx y = cosx 

y 

)' = tgx y=ctgx 

• ecJIH a < 0, ro pemeHHii BeT; 
• ecJ1H a = 0, TO X =0; 
• ecJIH a > 0, TO X = ±a . 

2. 11"-bl =a 
• ecJIH a < 0, ro pememtii BeT; 

• ecJIH a = 0, TO X ab; 
• eCJIH a> 0, TO x=±a+b . 

3. ( g( [ /(x),.,g(x} If x) =I x~ ~ f(x)=-r(x} 

{[ J(.)og{z} ... IJ(x] = g(x}~ f(x)=-,{x} 

g(x)~ 0. 

1. tl~ =b. (a>O,a~l) 
• eCJIH b > 0, TO X = lo&ab 
• ecJIH b ~ 0 • TO pemeHHii utrr 

y=a" 
y 

2. a-f(•):abg( .. )~ /(.x)·lo&ca=g{x)·logcb• 

r,!le a > 0, a :f. l, b > 0, b ;t: 1, c > 0, c :t-l 
B 'laCmHocmu, ypaBHeuue 

af(•),.a~")~ f(x)=g(x) 

{

(u(x})>O, 
3. (u(x})'(").., (u{x))'(")<=> (u{x));t: I. 

f(x)=g(x) 

(up• a > 0, a * 1 ) 
1. log., f(x) = b ~ f(x) = t1 
2. log0/(x)=log0g(x)~ 

~({~~::_<"~ HJIH {;t~::Xl) 
{llJfll ~ ...,_, )lptiiiiHeiiWI ~ IIIQ.tfl«O IC 

10 - C8CIIe.V (IIIDii. lWIIfiJIJDR "f101116J). 

1. ~ = g(x) ~ {f((x))= g2(x~ 
g X ~0 

2. ~ = .Jirxj ~ 

{
f(x)=g(x} 

~ f(x)~o (lllDig(x)~o) 

TpMroHoMeTpM-teCKMe ypasHeHMSI 

1. sinx= a 

• ecnu ~~ > 1. TO pemeHHH ReT; 

• ecJIH ~~ ~ 1, TO 

x =(-l)"arcsin a+trn, n e Z 

fJacmHble CJI)"'au: 

• sinx=l, x::; +2.nn,neZ 

• sin x = 0, x = mr. n e Z 

• sinx =-1 x =_.,!+2ml neZ ' 2 • 

2. cosx=a 

• ecJIH Ia! > 1, TO pemeHHii Her; 

• ecJIH Ia! ~ 1 • TO 

x = ± arccos a+ 21D'I, n e Z 
fJacmHble CJI)I'4au: 

• COS X = 1, X= 2mf, n E Z 
1r 

• cosx=O, x=-+1D'I,neZ 
2 

• cosx =-1, x=tr+21m,neZ 

3. tg x = a, x = arctg a + 111r, n e Z 

4. ctgx =a, x = arcctg a+ lfll, n e Z 



~ HepaeeHCTBa HepaeeHCTBa c MOAYlleM JloraplllcpMIII"!ecKI/Ie HepaeeHCTBa 

(a:JI: 0) 
(llflHJI6AJDA!e x IIIW' lfil' + hx + c > 0, 
lfil'+bx+c~o. lfil'+bx+c<O, ..r+hx+c5:0) 

fpa41HIOM ~ f(x) = ~+bx+c 
OllleTCJI napa6ona; ltOOp;!lHilll1'N BepiiiiiHW 

Xo = _ __!!_, Yo= f(x0)= _E._ 
2a 4a 

Ami pemeHIIll ICJIIIJI.P8THOI'O HeplllleHCTBa 
BLI'DICJWOI' )VIC~ D H Onpe,!{CJiliiOT 

xopHH ~ tpexueHa. 

• D<OHa>O 

HepaseHcTBo 
ax2 + bx + c > 0, 
ail+bx+c ~ 0 
ail+ bx + c < 0, 
ail+bx+c < 0 

• D<OHa<O 

HepaBeHCTBO 
ax2 +bx +c > 0, 
~+bx+c ~ 0 
ail+ bx + c < 0, 
m?+bx+c ~ 0 

• D=O H a>O 

~+bx+c>O 

~+bx+c ~ 0 

~+bx+c<O 

• D=O B a<O 

~+h+c>O 

d+l»c+c~O 

~+br+c<O 

J+t.+c s; 0 

• D>O B a>O 

u 
OrBeT 

xeR 

xe0 

~ 
OTBeT 

xe0 

xeR 

\ ) 
Jlo 

xeR 
xe0 

l 1 

X 

~ 

X 

OseT 
~+bx+c>O (-oo;x.)u .-2;oo) 
~+bx+c ~ 0 (-~;%1]0 %2;oo) 
ail+bx+c<O tXt;~ 

.Z+k+c 5:0 lxt;X2 

• D>O H a<O " "' ~1 ]/; 

HepaseHcTBo OTBtrr 

ail+bx + c > 0 (xt;x2) 
~+bx+c~O [xt;x2] 
d+bx+c~O (-~:.rt)u(x2:~) 
ai'-+ bx+c ~ 0 (- <X>; x1]u [x2;oo) 

1. jx-bl<a 
• ecJJH a 5: 0, To pememrn ReT; 
• ecJJH a> 0, 

mb-a<x<b+a 
2. lx-bl ~a 

3. 

4. 

5. 

• ecnH a ~ 0, TO x e R ; 

• ecJJH a > 0, TO [x~b+a, x5:b-a 

{
f(x) < g(x ), 

lf(x~ < g(x)~ f(x)> -g(x) 

lf(x~ >g{x)~[~:~:~(:) 
lf(x) > jg(x) ~ / 2(x) > g 2(x) 

• ecJJH a 5: 0, 
TO pemeHHii BeT; 

• ecJJH a > 0, TO 0 ~ x < ti 
2. ,J; >a 

• eCJIH a < 0, TO X ~ 0; 

• ecJJH a = 0, TO x > 0; 

• ecJJH a > 0, TO x > a2 

{
/(x)~ 0, 

3. /jfx}<g(x)~ g(x)>O, 
/(x)<g2(x) 

[{
g(x)~o. 

4. .JM > g(x)~ {~~~= :.2(x} 

J(x)~o 

r;:r:'\ r:::r::i {f(x) > g(x} 
5. 'VJ\.X.J>'Vg\XJ~ () 

gx ~0 

• ecnH m :S 0, a > 0, a :;t 1, 

TO pemeHHH HeT; 
• ecJIH m > 0, 0 < a < I, 

TO f(x) > loga m; 
• ecnH m>O,a>l, 

TO f(x)<log
0

m 

2. al~)>m 

3. 

• ecJJH m ~ 0, a > 0, a :;t l, 

TO xe.D(f); 
• ecJIH m > 0, 0 < a < 1, 

TO f(x)< logam; 

• ecJJH m > 0, a > l 
TO f(x)> logam 

0
/(x)>

4
g(x) 

• ecJJH a> 1, TO f(x) > g (x); 

• ecnH 0 <!.a<!. I, 
TO f(x) < g (x) 

(meR) 
1. logaf(x) < m 

• ecJJH 0 <a< 1, TO f(x) >a"'; 

• ecnHa>l,To {~~:~m, 
2. lo&,j(x)>m 

• ecJJH 0 <a< l, To {f(x)< am, 
J(x)>O; 

• ecJJH a> 1, TO f(x) >a"' 

3. logaf(x) > l~g (x) 

• 

• 

ecnH 0 <a< 1, 

To {t(x)<g(x~ 
J(x)>O: 

ecJJH a > 1 TO {f(x) > g(x ~ 
' g(x)>O 

4. logh(x)f(x) > logh(x)g(x) ~ 

{

h(x)>O, 

h(x}< 1, 

.

f(x)<g(x} 
~ J(x)>O; 

{

h(x)> 1, 

f(x)> g(x~ 
g{x)>O. 

lJHCJIO nepeCTaHOBOK H3 n 3JlCMCHTOB 

P. = 1·2· ... ·{n-l)·n = nl 

qHCJlO CO'IeTaHHH H3 n 3JlCMeHTOB IIO m 

C"'= n! · C 0 =1 
" ml(n-m)!' " 

CBOiicrsa co'leTllHHH 

c"' = elf-"'. c• + c•+~ = c•+l 
If If ' 11 II "+1 

qHCJlO pa3MCII)CHHH H3 n 3llCMCHTOB IIO m 

A."'=P ·C"'=-"-
1

-
" m " (n-m)l 

~pM:yna 6HHoMa HhloToHa 

(a+hY' =C:a"+C!a-1b+ ... 

kJt-kk "" ... +C,.u b + ... +C, b 
HJIH 

( b)" " 11-lb a+ =a +na + ... 
n{n-l) ... Y,-k+l) Jr-llbt b" ... + a . + ... + 

k! 

N kn-kk 
rAe n E H C,.a b =Tk+l 

ecTb (k + 1) - ii 'IJleH B pa:mo>KeHHH 6HHoMa 

(k = 0, 1, 2, .•. , n) · 

C)'MMll 6HHoMHHaJILHLIX Ko31jHJJ~eHToB 

pasHa2
11
: 

c:+c~+ ... +c: =2" 

~ 
ra6rntJ48 
©000 ~·. 2004 
r. llocoe, KIWllfJICKllf' wocce, 21 

00 



I 
/'(c) , ..-1~ i 

! r :T' 1 _ :_ ( 1l::) _:;:; -----. , . I . . 
w·ww:lnfoplast. ru r.i) r J . 1 ,.., 

.~ ~J - tf' . ~ Q' ./ ~ -+ ~ . r j 

OnpeAeneHHe KOMnneKCHoro 'IHcna 

OnpeAe.nellw ~e 1. '-l~!!cna Blt1,D,a z= a+bi, r.o.e a 1t1 b- AS~CTB!I1TeJ1bHble !..fVICJla, 

i - . MHI MMaH 8Aii1 Hii11..1a , 6yAeM H33b1 Balb KOMn!1eKCHb/MJ1 . 

06o3Ha'-leHHe a= Rez, b= Imz. YV1cna z= a+ib V1 z;;:; a - ib H33biBaiOT 

· . COnpfiJKeHHbfMU. 3anl-1Cb KOMnJl8KCHO rO "i ~Cna B BM,A€ a+ hi Ha3biB39TCH 

anr e6paJAtf8CKOU cjJopMOM KOMnneKCHO rO YHCJl a. 

'-llllCJlO a 6y,a,eM Ha3BaTb IJ8MCTBUT8!1bHOMI.f8CTbiO KOMnJleKCHOrO !.iV1CJ1a, 

bi - MHUMOU CfaCTbiO KOM n.neKCH~oro YV1CJla , b- K03rprj:Jt1LJU8HTOM np.u 

MHJ1MOiiJ '18CTI1. 803MO>KHbl CJly'-laVI ,, KOr.Qa A8HCTBV1TeJlbHbl8 '-ll4Cna a Iii b 
MOryT 6bi1Tb paBHbliM t.1 HYJliO . Ecnl-1 a~ 0, TO KOMnJleK.Cl-109 Yl-1CJ10 bi Ha3bi­

BaeTCfl LfUCTO MHUMbiM. Ec.nlt1 b= 0, TO KOMnneKCHOe YVICJlO a+ bi paBHO a 
l-1• Ha3bi1838TCfl )18UCTBMT8!1bHbiM. ECJliVI a= 0 ll1 b= 0 OAHOBpeMeHH0 1 TO KOM­

nneKCHOe '-l ~CJlO O+ Oi paBHO iH YJliO . ,{Je#CTBMTBfl.bHb/'8 '1MCJ7a t11.ft1CTO MH/1-

Mble I.Jucna npeJ4CTaBnflfOT co6oi11JacrHble cny!.fau KoMnneKcHoro '-IUCfla. 

.QBa KOM .nneKCHbiX 111.1CJ13 a+bi l1 c+ di YCllOBI-1JlVICb CYI!1TaTb paBHb/MU TOr,qa 

l-1i TOHbKO TOr,Qa . KOrAa B OT~8JlbHOCTII1 paBHbl MX ,lle~CTBl4T8JlbH b18 YaCn, VI 

K03¢$l4 U,Iti9HTbl npl4 MHWMOH 8At.1HH I..IB, l. e. a+bi= c+di , ecnl-1 a = c VI b= d. 

l.JVIC.nJO i 6y,!J.eM Ha3bJBaTb MHUMOU e,liUHUL(eU (i - Ha'-laJlbHall 6yKBa cppaH­

~Y3CKOrD cnosa imaginaire - «MHVIMbl~ >> ), a paseHCTBO i 2= -1 6y,o.eM c~ li1-
TaTb onpe):leJ1 8HV18M MHii1MOH 8,Qit1HM~bl. 

HOK338TeBbH8R tjJOpMa KOMnneKCHOro~ 'IMCna .,.:..:.._ ""'---"'-...:.;;;;__-

Ecn14 KOMnneKCHOMY '-llt1CJ11Y z=(coscp+isin<p), MOAYllb KOTOporo paseH 1, 

nocraBI.1Tb 8 COOTB8TCTBt.18 nOK333T8JlbH08 Bblpa>K8Hl-18 e 1~, TO nOJ1Y'·H1M CO­

OTHOW6HVI8 e;cp = cos~+ i sin q:> 1 KOTOp08 Ha3biBaeTG~I tPOPMYHOH 3Anepa. 

.nf060e KOMnJ16K.CH08 I.Jii1CJ10 z MO>KHO 3anwcaTb !8 Blt1,Qe z= re''+'. 3ra cpop­

Ma 3anl!11CI-1 KOMnneKCHOrO Ylfi!Cfla Ha3b1Ba8TCR noKa3aTeflbHOU C/JOpMOU. 

lt1TaK, CyW,eCTBYI{)T Tpl-1 cfJopMbl aanli1CM .KOMn.neKCHOfO I.JV1CJla: 

z= a+ ib - anre6paJ.1YecKa~ cpopMa; 

z= ( cos<p+ i sincp) - Tp!11roHOMeTpWieCKaR Q:lopMa; 

z""" re'" - noKa3aTenbHafl cpopMa. 

npaar.tna ABMCTBMA c KOMn.neKCHbi.MM 1'1MCnaMH 

np 1AueM · ~ l .J · · ~ · ·4n +l • · 4n · 2 • ·41r ] 
VI "'! t=- _, [ = - .(,/=£.,1 =t,f = -l,l =, 

reoMeTpH'I8CK3R MHTepnpaTaQMA KOMnneKCHOrO 'IHCJ18 

KoMn!leKCHOe '1 HCJ10 z= a+ bi MO>KHO V1306pa3l.Ub TOLJ KD L4 z 

nnOCKOCTM C KOOp,lJ.~HaTaMii1 (a;b) (puc. 1 ). An51 3TOrO Bbl6'e­

peM Ha nJJOGKOCTJ.1 AeKapTOBy npRMOYfOilbHYIO Cli1CTeMy KO­

Op,QVIHaT. Occt.1 Ox H Op Ha3biBaiOTCfl COOTB9TCTBeHHO ,Qelt1cT- d 
0 

y PHCYHOK 1 

b --·----- - z(a;b) 

~ ... 
BIHBJ1bHOI4 J.1 MH111MOJ.1 OCbiO. ~ 

Ka>K.Li\OVl TO '-IKe nnOC KOCTVI C KOOp.Qir1HaTaMH (a; b) COOTBeTCT- § 
~. BYST O.QVIH VI TOJlbKO O,[I.VI IH B8KTOp C HaLJanOM 0 (0; 0) VI KOH - ~ 

~OM z(a;b) . no3TOMy KOMnneKCHOe LJV1CJlO z= a+ bi MO>KHO 

14306pa31!1Tb B BI1,Qe BeKTOpa C Ha'-la.nOM B TOLJKe 0 (0· 0) 14' 

KOHII..IOIM 8 TO'-I.K8 -(a;b). 

0 a x 

,l(eiicmBume/l.bliaR ocb 

Tpr.troHo~MetpMttecKaR liJopMa KOMnJJeKcHoro 'lr.tcna 

KoMnneKcHoe L!Hcno z = a+bi IV1306pa)KeHo 

B B~.,Q8 IBBKTOpa C Ha'-laJJOM B TOYK.B 0 (0· 0) 
ll1 KOHI..lOM z(a;b) (puc. 3) . 

OnpeAeneHMe .3. Mo,D,yneM KOMnneKcHoro YV1C­

na z= a+bi Ha3b i BaeTC~ ,Qflli1Ha BBKTOpal· KOTO­

pyiO MO>KHO Ha~nw no ¢opMyne 

r= lzl = J a 2+h2 
I (MOAY!lb KOMnneKcHoro YVIC ­

na o6osHaYel1 6yKBO~ r). 

On:peAe.neHM;e 4. ApryMeHroM KOMn.neKcHoro 

'-lli1Cna Ha3b1Baer cfl yron cp, Koropbil~ o6pa3yer 

B8KTOp C nOfiO>Kl>'IT€n bHbiM HanpaBJ18Hii18M 0Cii1 

a6CU~CC . BeJiiWiVIHY yrna cp MO>KHO Ha:~TIIi1 C no­

MOLl\biO cj)opMyJr coscp = ~ V1 sin <p ;;;;;; ¥. 3r a 

CHCT8Ma I-1M98T 68C'-ll-1Cfi8HH09 MH0)K8CTBO pe­

WBH VI til stt~,n:a q;+2nk, rAe k- Jno6oe ~enoe Y~c­

no. TaKitlM 06pa30M, Jlto6oe KOMnneKCHOe ~lt1C ­

!10 z HMeeT 6eCKOHeYiH08 MIHO>K9CTBO apryMeH­

TOB, OTfllll~aKH1~14XCfl! ,Qpyr OT Apyra Ha YHCJlO , 

KpaTHOe 2n. Ecmr1 k = 0, TO Mbl nOJlY"'WM mas­

HOe 3Hai.J eHV18 apryMeHTa cpj KOTOpoe Iii 6YA9M 

Ha3biBaTb apryMeHTO M KOMnJ18KCHOfO !.iV1CJla . 

:ECJ11!1 B 3am1Cb KOMnneKCHOfO !.ili1C118 z BM8CTO a 
~ b nO,ACTaBvtTb 3Ha'1!eHW511 a= rcoscp I 

b= r sin<p , TO nonyi.J vtM HOBYto ¢opMy 3am1cV1 

KOMnneKCHOro ~V1cna : z = r(cos cp +isin <p ) 
' KOTOpafl Ha3biBaeTCfl rpurOHOM8TpU'-18CKOU 

C/JOpMOU KOMnneKCHOfO YI.-1C J1a. 

npasuno nepexoAa or anretipawtecKoM cflopMbl 
KOMnneKCHOrO 'Ut:ena K TpMrOHOM:eTpW·I9CKO~: 

1. HaXO)J,>H MO.QYilb KOM nneKCHOfO l!VICna r, 

AJl.Sl Yero lt1cnonb3YHJT ¢opMyny r = J a 2 + b2 . 

2. ,Unfl Haxo)K).l,eHlllrl <p cHattana onpe,aem110T reo­

Mer pw-tecK!.1, B KaKO~ 1,1,81BepTJ.1 HID<OAii1TCs:! TOI.J Ka z . 

.. a · b 
3. Cocrasnf!IOT ypaBHSHHH cos<p = r' sm<p =-,:; 

lt1 no peW8Hir110 OAHOro 1.13 Hlt1X HaXO,ll.r!T yron cp. 

4. 3an!-1Cb1Ba!OT KOMilJleKCHOB LJ lAGJlO z 8 Tp1Jlro­

HOM€Tpllllf€CKOIH QJOpMe. 

DpeACTaaneHHe cyMMbl, npoH3BeAeHHfl H 'laCtHoro. Ct ene'HM H KOPHA . 

(n = 0, 1, 2, .. . ) 
Ecnvt JJtaHbl Z 1 = r1 (cos<p 1 + i sin <p 1) ltl z 2 = r2 (cos<p 2 + i sin q> 2 ) , TO z. ·z2= r 1 r1 (cos( cp1 + cp2) + i sin(cp1 + cp1)); 

• Cn o>+<eHI-18 KOMnneKCHbiX ~ IV1Ce.n z.= a. +ib , Ill z~= a2 + ib2, 
z1 +z~= a 1+ib 1+a2+ib2-== a ,+a 2+ i(b,+b2); 

• Pa3HOGTb KOMnJl eKCHbiX YWCe.n z,= a1+ib1 14 z2= a2+ib2, 

Z1- z-.= a1 +ib ~-a2 -ib2= a. - a2 + i(b ,-b2); 

• YMHO>K8Hii1e KOMnneKGHbtX Y't.1C8Jl z 1 z~=a l a2 -b2 bl+ i (b . a2 + b2 a l ) 

z1 a1 + ib1 

• z2 = a2+ib2 

nocneAoaatenbHOCTH 

Ecnli1 paCCMOTP8Tb PH.Q Har ypanbH ibtX lJii1C8Jl 1, 2, 3, ... , n, .. . H 3aMe­

HI!Iib Ka>K.D,Oe Har ypa.nbHOe YWCliO n B 3TOM PHAY H8KOTOpbiM Yt.1C­

JlOM a,, CJ18.QYS'I H8KOTOpOMY 3aKOHy, TO Mbl nony'-lltiM HOBbiH p51,Q 41!1 -

ce.n a 1, al> . .. , an_ 1, a"; ... 1 KpaTKOe 0603H3'-l6HMS ra .. } IJ1 Ha3biBa8MbiH 

YV1cnoBof-i nocneAoBaTenbHOCTbJO . 

OrpaHMi'leHHbte nocne.q,oaar~enbHocnf 

1) 0rpaHl1Y8HHaR CBepxy, TO SCTb CY~BCTBY8T B , T3K1 YTO ans BI 

.Q.n~ mo6oro nEN. 
2) 0rpaHi'il'-l8HHaH CHJ.13y, TO 8CTb CYLUSCTByeT A, raK j lJTO A :s:; b", 
.QliH mo6oro n EN. 

;~ = rlr2 [cos(<p l+q:> 2) +i sin(<p 1+ <p 2)] , Z 11= r'1 (cos(n<p) + isin(n<p)) ; (n- qenoe LJW cno) ( ~lfJopMyna MyaBpa). 

.. . ,. r ! .. u
11

r. <p + 2ht .. q>+2kn) 
Ec.nvt n - HarypaflbH Oe YV1Cfi0 11'1 Z7'! 0 , TO '{;z = z" = v lzllcos n +lSlll n I 

I r,o.e vfzl - ap MQ:>M eTV1YeCKW ~ KopeHb t.13 no.nm+<l-1T8JlbHOIO '-l lt1Cn a jzj., q> =argz 111 k= O, 1, 2, ... , n~ 1. 

0 . .. !Ji = 2krr. · 2kn ,1171 = (2k + l)rr. . (2k+l )n . . = ? . = . ~ 
: TMBTtHM, '-ITO cos n +sm n I v - 1 cos n + sm n , (n 1, - , _ .. k 0, l, .... n 1). 

npeABftbl nocneAOB8T8BbHOCTM 

OnpeAeneHMe:: I.J~c.no a Ha3biBaeTCH npe)].eJloM 

!.ili1CJlOBOM nOCH8AOBaTenbHOCfli11 a 11 , 8CJ1lt1 .D,Jls:l 

n106oro CKOnb yro.QHO Ma.noro ~~!lena r>O, Ha~­

.a,eTc~ HaTypa.nbHbl l/1 HOMep N TaKO~ , YTO ,[\JlH 

BC8X: '-lV1C8Jl n ~N BblnOJ1Hfi8TCs:! MOAYJJb pa3HOCTH 

la,-aj <s ~ 'rl £>0 3 N : V n :i!N~ lall-a l<e. 

Ha'-li!1Ha51 c :nora HOM epa N see l.illi1Cna :nol1 nocne­

.QOBaTenbHOCTIJl nonaAatoT B s OKpeCTHOCTb ~VIC­

na a . .Qpyrl-1Mii1 CJIOBaMI!1 , Ha'-lt.1Hafl C HOMSpa N BHe 

H HTepsana a- s; a +e MO>KeT HaxOAIJ1TbC51 He 6onee 

KOHSLJHOrO '11i1CJla YJ18HOB nocne,~J;OBaTeJlbHOCTH . 

lima ~a 
II 

fi-')<X) 

TeopeMbl o npeAenax 'IHCnOBbiX nocneAOBatenbHOCTeM 

3) 0rpaH14Y8HHafl , TO 8CTb cy~ecrsyeT A, B, TaK , YTO A <ao::=B, ,QJl~ J110-

6oro nEN, ¢:> cyll!ecr syeT C >O, TaK, YTO ja,.l s C, AJllfl 11106oro n E N. 

Ecm1 {a,,} w {b"} - ABe CXOA~t.U148Cfl nocne,AOBaTeJlbHOCTL1 1 TO: lim c·a,1 = c lim a,1 = c·a I (c- YL11Cno) ; 
n~oo n~oo 

TeopeMa 0 npeJ1ene ICYMM·bl: nycTb lim an= a' lim bll = b ~ lim(a,. ± bn) = lim a,, ± lim bn = a + b ; 

M DHOTDHHble nocneAOB3IenbHOCTH 
1) B03pacTal014arl a,<a,-1, V nEN. 

2) y6biB3KHl~a5l a,,>an-• • \f nEN. 

3} He B03pacTatotU,afl ap> an-l l V nE.N. 

4) He y6biBaiOLLtaH a,, s a"_1, \f n. E N. 

11~o0 11--+-<ro il~«> n-too 1'1400 

TeopeMa 0 npOirt3BeAS.HHe npe.qenoB: nycTb lim all= a' limb),= b ::::;. Hm a,. bll = lim a,/ ·limb,/= a·b ; 
n~oo 11~ n co n~oo n--too 

. . . - - . ' . . a . !~ all a 
TeopeMa () npe.qene '13CTHOro: nycTb lima, = a ' lim b,= b I b¢ 0 => hm b:n = -. . -- -- b ' -00 n~ -~ llm b. 1l . II. 

1)-')0C 



c~tcflo -t rlaJ:o~sae-cj:! -pe.o.enoM .:nyr- u~m y = ··t.-r, a TC'- e x ec;M 4f'9 ni06cA nocre~o­

saTenbHocn1 AOnycn1MbiX 3Ha'i8HH~ apryMeHTa x,. (X, ..,X ), CXOA5llil8~C5l K X 

(T.e. 1 im x. = X0 ) . nOCJ18AOSaT8JlbHOCTb COOTSBTCTSYIOlill-iX 3Ha'i8HI-1Iil cpyHK~I-11-1 j(x. ). 
n -+ x 

II EV, CXOAI-1TC5l K 'ii-1CJ1Y A I T.e. lim f(x) =A. r eoMeTpH'i8CKHiil CMbiCJl npe,Qena 3TOiil 
X~Xo 

npeAen~ta. Caol1cna npeAenoa 

2) C) 1.1Ma OhB~nOro 'iHCJla 6.M. 'H1CeJl BCTb 6.M. 'iHCJlO; 

3) npeAen cyMMbl paseH cyMMe npeAenos lim(f(x) + g(x))= limf(x)+ lim g(x); 
x-+.x0 x-+x0 x-~o:t0 

4) npeAen npOI-13S8A8Hio151 paseH npOI-13S8A8HI-110 npeABflOS 

limf(x)·limf(x)= lirn(f(x) · g(x)) ; 
X-+Xo X~Xo X-tXo 

cpyHK~I-11-1 , 'iTO ,QJ15l SCBX TO'i8K x, ,QOCTaTO'iHO 6fli-13KI-1X K TO'iKe x0 , COOTSSTCTSYIOli.ll-18 

3Ha'iBHHR cpyHK~I-11-1 KaK yrO,QHO MallO OTJlH'iaiOTCR OT 'iHCJla A. 
5) KOHCTaHTbl MO)KHO SbiHOCHTb 3a 3HaK npBABJla lim C f(x) = C ·limf(x) , ( C - 'iHCJlO ); 

X-+Xo .:C-JoXo 

0AHOCTOpOHHMe npeAellbl. f(x) lim f(x) 
6) lim = x-+xo ecnH lim g(x) ;o!O' 

C'iHTaeTc5l, 'iTO x cTpeMHTC5l K x0 nl06biM cnoco6oM: ocTasaRCb MBHbWHM, 'ieM xu (cnesa 

OT x0) , 60J1bWHM, 'iBM X0 (cnpasa OT x0), Vlfll-1 KOJ186J15!Cb OKOJ10 TO'iKVI x0. 

.r-+x0 g(x) lim g(x) ' x->xo ' 
x-+xo 

7) ecn~-1 lim 
1t~ = 1, TO limf(x) = limg(x) (/ 1-1 g Ha3biSaiOTCR npeA811bHO 3KSHsa-YVIcno A, Ha3btsaeTCR npeAenoM QJYHK~HM y f(x) cne8a s TO'iKe x0, ecn~-1 ,QJlR mo6oro 

E<O CYli.lBCTSYBT 'iL1CJ10 a= a(E)> O TaKOe, 'iTO npH xE(x0-a;x0), SbtnOJlH518TCR Hepa­

SBHCTSO l.f{x) - Ati< E, lim f(x)=A 1 • 
• r - +X0- 0 

x-+xo g X x-+xo x-+.r0 

Jl8HTHbiMH npH CTp8MJ18HVI H X K x0); 

npeAellOM QJYHK~MM cnpa8a Ha3blsaeTCR 

8) 3aMeHa nepeMeHHOiil: nyCTb ,QaHbl S3aHM006paTHbl8 cpyHK~t-11-1 cp(x) VI 1/J(x). Tor,Qa 

limf(x)=lim /('V(t)). 8 'iaCTHOCTL1 limf(x) = limf(
1t): limf(x)= limf(t

1
). 

x-M0 l-+tp(x0) .r .... o /-+«; x-+oo 1-+0 

'l:f E>O, :3 cr = cr(E), 'l:f xe(x0 ; x 0+cr) ::::::> I!Cx)- A 2 1 <E ¢:::> lim f(x) =A2 X-+ x0+0 TeopeMa:j(x)>g(x), s 0°(Xo) 1-1 3 lim f(x)=b 1-1 3 limg(x) = c. TorAa b2!: C. 
C80MCT83 npeAe1108. 

x-+xo x-+xo 

npH yCilOSI-11-1 , 'iTO npe,QBJibl lim f(x) 1-1 lim g(x) CYli.lBCTSYIOT 1-1 KOHB'iHbl: TeopeMa:f(x) < y(x) <g(x) V xE0°(x0) 1-13 limf(x)=b Vl 3 limg(x)=b. 
X-+.To X4Xg X-+Xo X-+Xo 

Tor,Qa limy(x)=b. 
X-+Xg 1) 8CJIH npe,Qefl lim f(x)=a ::::::> f(x)=a + a cpyHK~HR pasHa 3TOMY 'iHCJlY nJliOC 6.M. 

x-+.l'o 

l imf(x)=O ~ 'l:fe>O, :3 o>O:Ix- x0 l<cr => lf(x) -a !<e , 
;c-):c:o HenpepbiBHble IIJYHKQMM M MX caoicraa. TottKa pa3pb1Ba IIJYHKQMH, KnaccMIIJMKaQMR 
E- CKOflb yrOAHO MaJIOe 'iHCJlO, !f(x)-a!=a;f(x)=a+a. 

3aMettarenbHble npeAenbl 

nycTb cpyHK~HR y f(x) onpe,QelleHa S TO'iK8 x0 1-1 S He­
KOTOpO~ OKpeCTHOCTH 3TO~ TO'iKI-1. <DyHK~I-151 

TO'IKM pa3pb183 QJYHK~HM - 3TO TO'iKH S KOTOpbiX Hapy­

waeTC5l HenpepbiSHOCTb cpyHK~t-1~ . 

n - - 1. sm x 1 ep8biH 3aMe'laTeJlbHbiM npeAen: 1m x = ...... o 
803bMeM Kpyr pa,QHyca 1, o6o3Ha'iHM pa,QVIaHHYIO Mepy yrna MOB 
'iepe3 X nycTb O<X<Jt/2. Ha pVICYHKe IAM I=sinx, AYra MB 'iVIC­

Jl8HHO pasHa ~eHTpanbHOMY yrny X. IBCI= tgx. Tor,Qa 

S S S 1 · 1 1 
llMOB < Ct'mtopn MOB < 6C'OH 1 2 Sill X < 2 X< 2 tgx · 

Pa3,QBI1HM see Ha -
2
1 sinx > 0 1-1 nony'iHM: 1 < .x < 1 

. Sill X cos X I 

cos X < Sl~ X < I 

T.K. limcosx = 1, TO no npi-13HaKy CYlilBCTsosaHHR npeAenos 
x-+0 

. 
cne,QyeT lim Sl~ x = 1 . 

. r-+0 

c D 

lim Lbx = 0 (aER, b>l); 
X-++«> 

y j(x) Ha3biSaeTCR HenpepbiSHOiil B TO'iK8 x 0 , 

BCJIVI CYli.leCTsyeT npe,QeJl cpyHK~HVI S 3TOC1 TO'i­
Ke L1 OH paseH 3Ha'ieHHIO cpyHK~HL1 S 3TO~ TO'i-

Ke: l imf(x) =.f(x0). 
X-+Xo 

3To 03Ha'iaeT: 
• cpyHKL.IHfl onp8A8118Ha S TO'iKe x0 1-1 B ee OKpe­

CTHOCTVI ; 

• ¢YHK~L1R VIMeeT npe,Qen npVI x~x0; 

• npe,Qefl cpyHK~HL1 S TO'iK8 X0 paseH 3Ha'i8HL110 
cpyHK~I-11-1 S 3TO~ TO'iK8, T.e. SblnOI1Hfl8TCR pa­
SBHCTSO. 

3TO 03Ha'iaer, 'iTO np~-1 Haxo)K,QeHHI-1 npe,Qena 
HenpepbiSHO~ cpyHK~I-11-1 f(x) MO)KHO nepe~TI-1 K 
npe,Qeny no,Q 3HaKOM cpyHK~VIt-1 , TO 8CTb S cpyHK-

~1-11-1 f(x) SM8CTO apryMBHTa x nOACTa­
BHTb npe,QBflbHOe 3Ha'i8HH8 x0 • 

To'iKa pa3Qb1Ba x0 Ha3btsaeTcR TO'iKO~ pa3pblsa 1 pona 

cpyHK~t-11-1 y j(x), BCJlt-1 S 3TO~ TO'iKe CYli.leCTSYIOT KO­

He'iHble npe,Qeflbl ¢YHK~VI L1 cnesa 1-1 cnpasa (OAHOCTO­

poHHHe npeAeflbl) lim f(x)=A, 1-1 lim f(x)=A2 . 
x .... x0-0 x -+x0+0 

np~-1 3TOM, 9CflVI: 

• A1=A2 TO TO'iKa x0 Ha3biSaeTC51 TO'iKOC1 ycTpaHHMOrD 

pa3pbrsa; 

• A 1;o! A2 TO TO'iKa X0 Ha3biSaeTC51 TOYKOC1 KOHB'iHOrD pa3-

pb1Sa. 

IA,-A21 Ha3btsaeTcR cKa'iKOM ¢YHK~I-1H . 

TO'iKa pa3Qb1Sa X0 Ha3b1Ba8TC5l TO'iKOiil pa3pb1Ba 2 pona 

cpyHKL.II-11-1 y=f(x), 8CJIH no Kpa~Helil Mepe O,QHH 1-13 OAHO­

CTOpOHHHX np8A8110S (cnesa Hflt-1 cnpasa) He CYli.lBCTSY­

BT, fll-160 paseH 6eCKOHe'iHOCTVI . 

TeopeMbl 0 cpeAHeM. npaaMno nonMranR 

1. l og a X 0 ( 0 1 O)· 1m e = a> , a ;o! , £> , PaccMoTpHM cnoco6 pacKpbiTHR Heonpe,Qe­
neHHOCTe~ 0/0 1-1 oo/oo, KOTO pb l ~ OCHOSaH 

(np8!J,8fl OTHOW8HUR !JBYX 68CKOH8lfHO M8flb/X pa­

B8H npe;:Jeny OTHOW8HUR UX npOI13BO!JHbiX, 8Cfll1 

nocne;:JHUM cyll.4ecreyer) 

x-+-+«> X 

B 0 cosx A 
tan l 

lim 
1 

n = 1. 
II -tOO 

lim if,; = 1 . 
• 

-n 

Ha npHMBH8H L1 VI npOH3SO,QHbiX. 

npa8HJ10 nonHT3JlSI, npM 0/0. 
nycTb QJYHK~MH f(x) M cp(x) Henpepbi8Hbl M 
AMQJQJepeHJ.tHpyeMbl 8 OKpeCTHOCTM TO'IKM Xo 

M o6pa~aeTCA 8 HYilb 8 3TOM TO'IKe: 
f(x0) =<p(x0)=0. 

nycTb cp'(x) ;o!O 8 OKpeCTHOCTM TO'IKM x0 • 

EcnM cy~eCT8yeT npeAen lim 1:~xj =I, 
x->x0 <p X 

npa8MJ10 nomtraJlSI, npH oof oo • 

nycTb QJYHK~MMftx) M cp(x) Henpepbi8Hbl H AMQJ­
qJepeH~MpyeMbl 8 OKpeCTHOCTM TO'IKM X0 (KpOMe 
TO'IKM x0) , 8 3TOM OKpeCTHOCTH 

lim f(x) = lim <p(x) = oo, <p' (x) :;t 0 . 
.r-+ l'o .t-+Xo 

EcnM cy~ecT8yeT npeAen lim 1:~x~ = l, 
x-+x0 <p X 

TO lim f(x) = lim f'(x) = I 
.r-+x0 <p (x) .<-+x0 <p 1 (x) TO lim f(x) = lim f'(x) = l 

.......... <p(x) .<-+x0 <p '(x) 

npHMSHHM K cpyHK~VIRM f(x) 1-1 cp(x) TeopeMy KoWH 
,QflR OTP83Ka [x0 ; X], Jl8)Kal1.lero S OKpeCTHOCTVI TO'i­

f(x)- f(x0 ) f'(c) 

Heonpe,QeJieHHOCTI-1 Slo1,Qa O·oo; x-oo; I" ; oo0
; 0° cso­

A5lTCR K ASYM OCHOSHbiM. 

no npi-13HaKY 0 CYli.l8CTSOSaHI-1VI npe,Qenos: ~~ (1 + lJ = e 

CneACT8MA 8Topor o 3aMe'laTeJlbHoro npeAena 

lim loga(l+x) = l (a>O, O;o! l), S 'iaCTHOCTI-1 
x-+0 X Ina 

lim ln(l+x) = 1. 
.r-+0 X 

e" 1 
(a>O), S 'iaCTHOCTVI lim ; = 1. 

x-+0 -

KH x0, TOr,Qa ( ) ( ) = '( ) , <p X - <p x0 <p C 

rAe c JI8)Kt-1T MB)KAY X o VI x. 

----fll,//1/illl/1/l//l/l/111//1/l/11 I/J/11/t iii//III/I/II. /11/I/I/III/II/1/I/III//111//I/TIIlf-----.. 

Xo C X 

np~-1 x-+x0 88flH'iHHa c TaK)Ke CTpeMHTC5l K x0; 

nepelii,QeM s npe,QbtAYlilBM paseHcTse K npeAeny: 

lim f(x) = lim f:(c) . 
.t-+xo <p(x) c-+.ro <p (c) 

TaK KaK lim f'(x) = l TO lim f'(c) =I 
.t-+xo <p'(x) ' c-+xo <p'(c) 

no3TOMY lim f(x) =I 
.<-+x0 <p(x) 

HanpHMep, O·oo 

nycTbj(x)~O, cp(x)~oo npVI x~x0• 

.!~~(f(x)·<p(x))=[O·oo]= ~~o f;x) 

<p(x) 

~Hq>OpMa~HOHHO-cnpaBO"fHaSI 

Ta6nH1..4a 
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1. n~H~eitlfble npocrpaHCTBa. RMHBMHaR 38B c oct• H He381BMCHMOCTb 
cMcreMbl aeKiopoa . Pa3MepHocrb u 6a3HC nMHeitHoro npocrpaHcraa 

PaccMOTPII1M r~enycroe C51 xl y, 1 .. CYU48CTBY8T Pa3MepHOCTb 
I MHO}f(8CTBO 3n8M8HTOB, KO- eAV1HCTB~eHHbl~ Hyneso~ Itt~ 683MC nMH.9MHOrO 
~ ropbJe 6~.QeM o6o3HaYaTb 3neMeHr, ~An51 IKIDK..Qoro 3118_ npactpa:Hcraa 

MeHTa GYU,.\8CTBY8T 8,QII1HCT- nycTb CII1CT8Ma n B8KTOpOB 'i8p83 X, y, Z, . . • 111 MHO>K8-

CTBO ,Q8ii1CTBV1T8JlbHbiX l!!II1-

C8Jl. Ha 3TOM MHO>K8CTB8 

BBe.QeM ,a,se onepal_\,111111 

(cnO>K8HI18 111 YMHO>K8H1118). 

nyCTb 31111 ABe onepau,111111 

OO,O.Ylt1HfHOTCS1 aKCVIOMaM: 

1. x+y=y+x; 

B8H HbiC1 rnpOTVIBOnOnO>KHbiH. Jlii1HISi1HO-H83aBit1C!II1Ma, a JH0-
6a51 CVICTeMa n+ 1 B8KTOpOB 

nHH8MH8·R 33BMCHMOGTb - · iH1H8~H0-3aBit1CII1Ma, TOr,Qa 

2. (x +y) +z=x +(y +z) = 
=x+y +z; 

3. x+ O=x; 
4. x+(- x)= O· 

5. l· x=x; 
6. a (f3x)= f3 (ax) =a f3 x; 
7. a (x +y)=ax+ay· 
8. (a.+f3 )x= a :+ f3x; 

M HI33BHGHM8CTb CMC-· 
TBMbl BBKTOpOB 
nlyCTb MM88TCft n B8KTO-

-t --+ _,.. 
pos: x l, x2> ... xn· 
CocraBWM Jlii1Heii1Hy110 KOM-

6111Hatt!.UO: 

y =O, ecnvt a1=a2= .. . =a,=O 
==> Cl-1CT8Ma n B9KTOpOB -

Jl VIHB~ H0-3aBII1Cl4 Ma. 

Ecnu cpe,[JU n BBKTOPOB K8 -

KU8-TO k flUHBMH0-38BUCJ1-

V; X~ y , Z, . .. E V Mbl , TO BCfl CMCTBM8 B8KTO­

MHO>K9CTBO V c ,[JjBYMH one- poa RBnRercR nuHei1Ho-3a-

pallvts:tMII1 , YAOBJ18TBOpSHO- BMCMMOM. 

I~Be aKCI-10MaM Ha3biBaeTCs:t £cnu CMCTeMa n BBKTOpOB 

mtHBMHbiM npOCTpSHCTBOM. flUHeUHO-HBJaBUCUMa , TO 

3neMeHTbl nt.1Hee1Horo npo- mo6an L:Jacrb u3 3TMX eeK­

crpaHcrsa Ha3biBaiOTCA seK- ropos 6y11er ro>Ke nuHeu-
ropaMI/1 , 0603HaYatOT- HO-H838814CUMOU. 

~l4cno n Ha3biBatoT paaMep­

HOCTbiO npocrpaHCTBa. 

dim V= n 

CwcreMa 3Tl-1X n Jl!IIHe~Ho­
HeaaaVICVIMbiX B€KTOpOB H:a-
3biBaeTCH 6a3111COM J1.1-1H8M­

HOrO npocrpaHcrsa. Pac­

CMOTP1t1M CMCT8MY n + 1 BB­

KTOPOB. 
--+ --+ --+ -t 
x,, x2ll ... xn, y 
~ . -t -t ..... 

a1x1+a2x2 + ... +anxn=Y 

TaKoe npe,lJ,crasneHwe Ha-
- _,.. 

3biBaeTCA pa3nO>K€Hl!1e Y 
no 6a31o1cy, a YlllCIIa 

(a 1,a1 ••. a") Ha3biBaiOT KO­

OPA11HaTaMl4 seKropa. Pa3-

no>KeHJ.1e mo6oro seKropa 

B Bbl6paHHOM 6a314C8 -

8A,lt1HCTBBHHO. 

4. CKanA~pHoe npOM3BIABHH8 B8KTOpOB H ero CBOMCTB3 

CKanHpHbiM npoM;3se.qeHMeM ABYX li·b= lal·lbl·cos<p c; z; =lc;l ·npab =lbl·npb-ti 
HeHyn8BbiX 88KTOpOB Ha3biBaeTGfl 

"fucno , pas Hoe npm13Be.QeHVIIO 3n1x 1. lc;l·lbl = !t5I ·lal; 2. (A.ii) . t =-;.('A b) ; 
B8KTOPOB Ha KOCIIIHYC yma Me>KAY _,.. ~ --+ ~~ --+--+ -t 2 

1
_.

1
2 

H14MVI . 3. a (b+c ) = a b+ a c; 4~. a = a . 

5 .. BeKTOpHoe npoMa·Be;AeHHe aeKtopoa Hero caoHctaa 

Cooicrsa: 

1. (a xb)=-(bxci); 
Tp~-1 HeKoMnnaHapHb,IX :seKropa o6pa3y10r npaByJO 
rpoffKy ecm-1 c KOHUa rperbero no sopor or nepaoro 

seKropa Ko sropoMy coeepwaercft npor111s !.lacoso~ 

CTpenKVI . EC!lill1 no Y3COBOtil- TO f78BYIO . 2. A(Cixb) = (A.;)x b =t:x (Ab); 
BeKTOp:HbiM npOM3BeAeHMeM B8KTOpa Ci Ha BBKTOp b 

-4 -
3. ~lib ¢;> (~xbJ = O ; 

Ha3h1Baercs:t seKrop c , KOTOpbll1: 
...,. -=+ 

1. nepn8HA1t1KYJHlpeH BeKTOpaM a VI }j . 
4. (a+b)x~=C:x~ + bxir . 

2. lt1Meer .Qnl-1liy, YwcneHHO pasHyiO nnoLl..laAI-1 napanne-
-+ ~ 

norpaMMa, o6pa;3o:saHHoro Ha seKropax a 111 b. 

r;l =llil·!b]·sin<p, r.Qe cp ...; (a,b) 

--+ ._), 

l 1 k 
--+ ~ 
axb = a aJ, az. . X 

b.$ b bz ' 

y 
_,.. ~ -+ 

3. BeKTopbl a , b V1 c o6pa3yiOT npaayto rpoi1Ky seKropos. 

6. CMeWaHHOe RPDH3BeleHHe BeKTOpGB . ero CBOHCTBB 

C Me waH HOe n polt13 BeAe H 1t1e 3an 1:1c biBator 

B BII1,Q8 : I d=(-;xb) ·C I. 
CMbiCJl CM8W8HHOrO npOit13B8A8HV1fl: CHa­

Yana ABa seKropa seKropHo nepeMHO>Ka­

IOT, a aareM nonyi.JeHHbli1 cKanftpHo nepe­

MHo>KaiOT C Tp8Tbl4 M B8KTOpOM. CMewaH­

HOe npo~3B8ASHI-1e npeAcrasmwr co6o~ 

YV!cno - '-llt1CflO . Pe3yJlbTaT cMewaHHoro 

HOfO VI CKaJlflpHOfO np0143B€,Q8HVIH: 

(axE} a= a·(6xc) 
3. CMewaHHoe npolt13Be­

.QeH!.1e M8HH8T 3HaK 

np111 nepeMeHe Mecr 

J1106biX !J.BYX B6KTO-

p0B-COMHO>KI4T8Jle~ : 

; -ot --+ -4 ~ -::;t 

a·b· c = - a·c·b 
--+...,... ~ -~ 

a· b·c= - b·a·c 

_ I npOV13BeAeH~H- o6be M napannenenll1ne-

4~.~ CMewaHHoe npoV13B8ABHHe r pex HeHyne­

BbiX B8KTOpOB paBHO Hynto TOfA3 111 TOJlb­

KO TOr,[\a, KOr,Qa OHW KOMnnaHapHbL , 

I J).a, o6pa30BaHHOrO BHKTOpaMM. 

Caou ~crsa: 

1. CMewaHHoe npot.43Be.neH~tte He MBHfteTcft 

np111 ~t.1Knl-11.J8CKOiil nepecTaHOBKe COMHO-
.....,. ~ ... -t ~ ..... -t. ...,... 

>Kli1Tenel1 : (a x b )·c =(c xb )·a =(cxa )-b 

2. CMewaHHoe npOli13Bep,e Hvte He 143Me­

Hlt1TCA npl4 nepeMeHe M8CTaMlt1 BeKTOp-

Tpu BeKTOpa Ha3bJB8'/0TCf1 KOMnnaHapH.bi ­

MU, 8Cm1 pe3yf1bT8T CM8WaHHOf0 npOU3-

BB,!J,8Hl1fl paseH HyniO. 

2. arpHqa nepexona ot tia3Mca K tia3Mcy. npeo6pa3oaa­
HHe KOOPI:IMH8T B8KTOpa npH nepexoae K HOBOMY 6a3MCY 

n - MepHoe npocrpaHGTBO, 

Vn - 6a3WC, COCTOHLUVIM 1113 

. n BBKTOpOB. B npocrpaHCT-

6 ---;. --+ --+ 
88 8CTb a3111Cbl e1, e2 , .. . en. 
BB8A6M MaTpillLJ.Y nepeXOAa 

-+ -/ OT e K e .. 

til t l1 ... t,, 
T= e;. I 

t1J! t,l2 ... t ,, 

I I I 

a~ rl l 
a 2 a' 

x- y= 2 - - ... 
a,/ I I 

a " 

--+ ...,. -t 

X = a 1 e1 + 0..2e2 + ... + CX.11 en 
I I I I 

---+' 1--+ 1 --+ I . 
X = (11 e1 + a 2 e2 + ... + a n e11 

t l 2 
. I 

a. I ... t l ll a l ' til 
I a2 ( 22 .. . t, 1 a 2 -· -t 2 1 T= 

.. , " 

t,/2 t,.n I 
a n . , .. a ll t,,, 

3. EBKnHAOBO npOCTpaHCTBO. JlnHH,3 BBKTOpa. Yron MIQJ BeKTOpaMM 
PaCCMOTp1111M J114HeC1H08 npocrpaHCTBO V, B KOTOpOM y>Ke 8GTb 2 Onepa~II1VI (CJlO>KeH!IIe M 

YMHO>K8Hir1e) . B 3TOM npocrpaHCTB1€ BB6A6M ~e~e OAHY onepaUHKL 0Ha 6y.QeT YAOBJ18-

TBOPfiTb CJ18..QYIOL1.1111M aKCl40MaM: 1. (x;y)=(y; x) ; 2. (x+ji; z) = (x;y)+ (y;z) ; 

3. ('Ax; y ) = 'A(x; y ) ; 4 .. (x; x) = (x2
) > 0. YKa3aHHaS1 onepal_llt1H Ha3biBaeTCR CKaJlAPH biM 

npOit13B8.Q€Hl18M B€KTOpGB, 

N - MepH08 JU1H81i1H08 npocrpaHCTBO C BBe,QeHHOM onepa~,II18M CKanHpHoro rnp01!13B8/J,€­

HMs:t, Ha3b1Ba8TCA EBKnHIQOBbiM npocrpaHCTBOM. ,D,!7UHOM B6KTOpa Ha3bl BaeTCR apvtcpMe­

H1li8CKOe 3Ha~eHl4e KBa.QparHoro KOPHR lA cKanftpHoro iKBa.qpara: 111= (1 2
) . Ant.1Ha 

B8KTOpa YAOBneTBOp5leT CJ18.QYIOW,It1M ycnOBIAHM.: (~ -+) --+ ~ x; y < x y 
1. lx!>O , ecn111 lxi=O ==> x = O; 

lx;J1J <I 2. 1A.xi=IAJ ixl; lxl iYI-
a.. l(t~ .YJI < Ixt· I.Y ll - HepaseHcrso Kow .H-5yH~KoscKoro I .X; Yl 1 

lx; jl! 
=;. coscp = lxi·IYI 

4. I X+ .YI < I xi+ I .YI - He paBeH CTBO Tpeyron bH;l-1 Ka - I< I xi ·IY1 < l 

7. BMHeitH&Ie npeo6pa3osaHHR npocrpaHcraa. Matp~~r~~qa nHHeiHoro 
npeo6pa3oBaHMI. CBJ13b Me>Kay KOOPlUtHataMw o6paaa u npoo·tipa3a 

· 1 PaccMorpVIM nvtHeli1Hoe npocrpaHcrso V, 6a3111c (e) 8 6a31-1c (e'J. 
B KOTOpOM Ka>K,[\OMY 3Jl€M8HTY x, B CMflY 

HeKoroporo 3aKoHa nocr asneH aneMeHT 

3Toro >Ke npocrpaHcrsa. 

f-+ --+ f-+ --+ x-7- y ¢> y= (x ) , rAe x - npoo6pa3., 
..... 
y - o6pa3. 

Ka)K):tOMY npoo6pa3y COOTB€TCTByeT 

e.QVIHGTBeHHbl~ o6pa3. Ka>K.Qb1 C1 o6pa3 

l4M88T 8Al4HCTBeH H b l ~ npoo6pa3. 

nvtH8WHOe npeo6pa30BaHI48 npocrpaHCT­

sa, np~ot KOTOpOM Cy~eCTBYBT B3aii1MHOO.Q­

H03HaYHbl8 COOTB€TCTB.H5L 

514eKTII1BHOe npeo6pa3osaHwe Y =f(X} -
Ha3b1Ba9TCA JlVIH9~Hb i M , eCJllll BblnOnHR­

«JTC~ 2 YGJlQBil-151: 

1. F(1+y)=F(1 )+F(J) ; 
2. F (A.x) = 'AF(~) . 

F(A x+~y) = A-F(x) +~F(y) 

PacCMOTpii1M n -MepHoe JlVIHe ~~HO€ npo­

CTpaHCTBO 
I (,... ) --+ .._., ~ : e : e 1, e2 , ... e,1 

I -+ _,.. --+ 
~ x=x1e1+x2e2+ .. .. +x,,e,, 

I ,Qns:t roro, YT06bl 3aAaTb nl4HeC1Hble npe­

o6pa3osaHHs:t B 3TOM npOCTpaHCTB€ ,[J,OC­

TaTOl!HO 3aAaTb 3TO npeo6pa30BaHW8 )J.JlH 

6a3MCHbiX BeKTO!JOB. 

-t ~ . _,.. -4 . -4 
y :;=F(x ) = F (x1 e1 + x2e2 + ... + X11 e, ) = 

= x1 F(l.) + x2 F(e;) + ... + x,., F(e:) = 

MaTpMu.a JlHHeMHoro 
npeo6pa3oBaHHH 
nycTb F- n ~t~HeC1Hoe npeo6pa3oBaHII1e 

nvtHe~Horo npocrpaHcrsa, nepeeo,AH~a51 

T.K. (lJ - 6a3111C, TO sepHbl COOTHOW8Hillfl 

A - HB.nAeTCSl Ma­

Tp~ot~ew JlV1H8C1HO­

rO npeo6pa3osa­

HMR lMllt1 nMHeC1-

HbiM oneparopoM 

npocrpaHcrsa. 

C,BSI3b IMe>KaY KOOPAMHaTaMM 
o6pa3a M npoo6paaa 

x :Y E v; y=f Cx) 
B 6a3t.1Ce e seKr op 1 HMeer K.oopgwHa-

--+ ~ --+ 
Tb.l x =x1e1+x 2e2+ ... +x,,e,,. 

y = f(x) = f(x1 ~+x2e2+ ... +xlle:,)= ... 

y., = au x, + a12X2 + ... + aJnx, 

(*} y2 =a2,x,+a22x2+ ... +a2"x, 

iy=Axi y, x, 
y = ... . x= .. . 

yll XII 

Jl~Hei1Hoe npeo6pa3oBaHII1e - MaTPlt1L!a nltl- i 

He~Horo oneparopa. Ka>KAOMY nlt1H8HHOMY 

npeo6pa30BaHV110 COOTB8TCTBY8T O.D,Ha Ma- ' 

rp ;111~a 1114Hee1Horo oneparopa 11 Hao6opor. 

Ecm1 111M88TCR KBaAparHaH MaTplll~a , 3Ha­

Yl4T 3aAaHo nii1Heli1Hoe npeo6pa3osaHV1e 

npocrpaHcr sa. 



:s. Cs 3h e · . y _ op ra 
o~H1 oro H Taro e n e . oro 
one:paropa B pa3HbiiX 6a3 ~~cax 

(;) ~ (?) 
.v =f(.~) 
(€) (e') 

, B t y =Ax y = X 

B = T- 1AT 

T - M aTpH~..ta nepe­
xo.Qa or e K e', ro: 

x=Tx' y =Tl 

Ax=A Tx' 
Ty '=ATx' 
'-r-I AT_ I y - . i't X 

I B I y = X 

Ecm~ m1Heti!Hbl~ oneparop liiMeer B 6a-
3lt1Ce H8BblpO>K.ABHHYKJ MaTpiU.tY T l MaT­

p vH~a 3roro -oneparopa s mo6oM .QpyroM 

_. 

11. Yron Me)I(AY npRMOi 
u nnocKOCT~»,IO . Pa~ccTORHHe 

OT TOIIKM JIO nnOCKOCnt 

!J.. : Ax+By +Cz+ D=O 

x-x y-~ z - z 
npfl MaH L: m 0 == n ° = p 0 

nycTb cp- yron M8>KAY n.nOCKOCl biO 

14 np51MO~ . To rAa 8 - yro.n M6)K.QY 

.n (A;B ; C) M S(m· n;p) , 

~ ~ 

a n·S 
=::!:> cosu= [ I 

lnl· s 
H w • <1t 

avt.Q,eM mcp, ecn111 <r> =2 · 

sin<p= sint2 -9) = cose, T.K. sinrp :a: O 

Pa ~ccroAHMe oT rOL~KM AO nnocKocru 

AaHo: 

!J..:Ax+ By+ Cz+ D =O 

PaCCTOS1HI119 d OT TO~KIII Mo AD nnOCK.O­

CTl-'1 !J. paBHO MO,l.lYJlKJ npOSKL\~H1 BBKf O-

pa MoM. (r.Qe M r(xl; yr; z,) - npm13BOflb­

HaS1 TOYKa nnocKoCT14 ) Ha HanpaaneHitle 

HOpMaJl bHOrO B9KTOpa n;;;; (A; B; C). 

d . . M . MlMo· n = np_ Mt o ;;:: I ·~J -
II /1 

_ j(x0- x1)A+(y0-y1)B + (z0- z1)1_ 
.JA2+B2+Cz 

_ Ax0+By0+Cz0- Ax0- By0- Cz0 

.JA-;+B2+C2 

d = Ax0+By0+Cz0+D 
.JAz+ Bz+C2 

EcnVI nnocKOCTb 3a.QaHa ypaBHeHVIeM: 

X·COSO: +y · COS ~ + Z ·cosy - p = 0 j · 

TO paCCT0>1Hlt18 AO lilJlOCKOGTVI H aXOAVITC~ 

no cpopMyne: 

jd= lx-cosa + y ·cos B + z · cosy - p1JI 

. e I o 
I 

Ecnlti B 6a3~ce e n wHe ~ H bl~ orneparop 1t1 . eer M3TJJ'~ltY A . a B 6a3 1-1ce t e 1 

onepar op 14M88T MaTpVI UY B. ~ det (A -A.E) = det B - A.E), 

A - npOV13BOJlbHOB YIVICJlO ¢0 1 

E - B,ll,VIIHWiHafl Matp1!1qa. 

det(B-A.E)=det(T -~T -'AT-1ET)= 

= det(T-1 (A- A.E)T) = det T-1det (A + A.X); 

detT= detA-1= 1 
· · detA 

an all ... a1 11 1 0 ... 0 
A - A.E = a 21 ° 22 · · · a 2n - A. 0 1 . . . 0 -

a,l- A. a ,2 .. . a l n 

all a22- 'A · · · a2,1 
..... 

0 0 ... 1 

Ec1u1 xapaKrepVICTVILJBCKWI MHoro~neH .n:MHe~Horo oneparopa npVIpOBHfiTb 

K O, nonyYVIM xapaKrep1.1CTWLJecKoe ypaBHeHll!e nwHeVIHoro oneparopa. 

Co6crBeHHble BeKTOPbl mtHJeiiHoro onepanipa 

HeHynesoi1 seKrop x Ha3b1Baercf! co6crseHHbiM BeKTopoM n1.1HeC1Horo 
~ . -+ oneparopa, ecn1.1 A.X ;....;.kX oneparop K x , nonyYj.1M 3TOT >Ke x , YMHO-

>KeHHbliil Ha H8KOTOpoe k. 

k- co6crseHHoe YI1Cno oneparopa A=@ ~J 
-+ -1> x = e1- 3e 

12. nosepxHoCTH aToporo nopRJIKa 

OnpeneneHMe: YpaBHeHwe Blti.Qa 

a 11x2 + 2a 12xy+ 2an/ + 2a l3 x z + 2a23y z+a33Z2+ 2a14X + 2a:~:4y+ 2a3, z+ a 44 =0, 

rAe a ij (ij = l ... n) AB·~CTBHTe:nbHble "iWcn.a, Ha3b1Baerc~ o6W!WM ypasHeH:II1-

eM nosepxHocrlt1 iBToporo nopflAKa. 

8 3aBlt1Cit1MOCTli1 OT napaMerpa a ij lilOJly'-laiOTCfl ClleAYIOl.Lil'le KJ1aCCVI'-I-B­

GKII18 nosepx.HoCTVI (see napaMeTpbl nono)Klt!TenbHble Ltll1cna) .: 

x2 y 2 2 z . ~ 
2 + -b2 + 2 = l - TpfJXOCHb/M 3J7flUflCOI1/J: 
a c 

2 2 z z 
x2 + yb2 -2:::; 1 - OtJHOflOflOCHbiM runep60JIOJ1,ll; 
a c 

2 2 2 

x2 + Yb 2 - z 2 = - 1 - ABynonocTHbJ# rvmep6onoHJJ; 
a c 
x z y z z 2 
2 +-b2 - 2=0- KOHYC BTOporo nopfi)1Ka; 
a c 

2 2 

: 2 + ~2 ==2z - 3flf1MRTW18CKUM napa60JTOJ1,4; 

2 2 

.; = Yb2 = 2z - runep6onu~.JecKui1 napa6onou/J,; . ... a 

U11nl'1HAPMYecKwe nosepxHocn1: 

2 2 
X y 
a2 + b2 = 1 - 3J7flt.1nTU'I8CKUU ~UJ1UH,llp; 

x 2 y 2 
a 2-}7 = 1 - runep6Dfli1'18CKMU J41117UH,[Jp; 

l =2 ax- napa6onuttecKMMl.JJ1HMHIJP; 

a2x1 - b2y 2= 0 - napa nepece'.KBJOUJMXCH nnocKocrefi; 

x2 - a2 = o - napa napannenbHbJX nnocKocrei1; 

2+ 2 =0- np·RMaR X y . . 

Bee yKa3aHHble ypaBHBHIIIR Ha3biBatOTCH KaHOHitiLJeCKtr1Mlt1 . 

0CHOBHbiM MeTO,QOM Vl3Ylf9Hl.1fl nosepXHOCTeVI BTOporo nopfll,D.Ka- MSTOA 

Ce9eH111fi1 , KOTOpbl~ COCTOVIT B nOCTp09HI111'1 Jl!lt11 Hir1~ (Ge"ieHVIVI) ,QaHHblX 

nnocKocretll B·"laCTHocr VI c nnocKOCTflMM, napannenbHbiMitl Koop,D,wHar­

HibiM n!l!OCKOCTHM. 

' 

• - SHGTBB • 
.nOCKOCTei .. 

8lKI! · RnOCKOCTJI;MM 

Y:pas:H.e:HMie nnoc1mcnt, npoxoAALQeii 'lepe3 3a,qaHHYIO 

TO'IK\',, nepne 1HJ1KKVf1HpHO ,.Q8HHOMY BeKTopy 

nyCTb nJlOCKOCTb 3a,QaHa TOlfKOii! lvfo (x0;y0;zo) H BeKTO­

pOM n(A;B~ C) , nepneHAI-1KYlllfiPHOt13TO~ nnocKOCTVI. 

BoabMSM npOW3BORbHYIO TOYKY M(-r y; z) Ill COCTaBWM 

B6!KTOP MfJ MI = (x-xo; y - yo; z-zo). npVI mo60M pacno-

- . ~ . 
no>KeHI1W TOI.!1Kir1 M Ha nnOCKOCTV1 Q n .1 M0M, no:no-

. 

A (x-x0)+B (y --yn)+C (z - zo)=O 

06tqe.e ypaeHeHMe nnocKDCTH 

6 : A x+B y +Cz+D =O 

• EcJU1 D = 0 , TO .qaHHOMY ypasHeHVIKI YAOBnersops:~eT 

TOI.!Ka 0(0·0;0). 

• Ecm1 C=O TO B8KTOip n(A; B; 0) .1. oz. C.ne,qosaTBJlbHO, 

nnoCKOCTb napannenbH3 OCIII oz, 8CJ1lt1 B=O -TO oy, 

,6CJlVI A =0 -TO ox. 

• Ecnw C=D =O, TO nnocKOCTb npoxo.QHT '"lBP'€3 

0 (0; 0; 0), napanJii€HbHO OCV1 oz. AHaJlOfMYHO np111 

A=D =O t.1 B =D =O. 

D • Ecn111 A =B =O, r o ypasHeHir1e npwMeT BV1.Q z =-· C 

nnocKOCTb napannenbHa nnocKOCTV1 Oxy . 

• Ecn11 A =B =D =O, TO ypaBHBHHe li!Meer BM~ z=O. 

3ro ypasHeHltle nnocKOCTVI Oxy. 

YpasHeHMe nnocKOCTM, npoxoAALUeM 'lepe3 TPM TOI'IKM 

K (xl;y,) ; M(x:!;y2) ; N(x3;y:~) 

B03bMeM Ha rlllOCKOCTir1 TO"iKY P(x;y;z). 

CocraBIAM s ~eKJOpbl : 

~ 

KP=(x-x1; y-y1; z - z1) 

KM= (x2- xi; y2-yl; z1-zl) 

KN=(x3- x1; y3-y1; z3-z1) 

3nl B€KTOpbl fle>KaT B OA'HO~ nJlOCKOCTVI , CJ18,0:0Bare.n'b­

HO OH IH KOMnflaHapHbl : 

· X-X I v-y ~ I z-z I 
x2-xt y2- y ! z2- zl :;;: Q 

x3-xl y3- yl z3- z1 

YpaeHeHMe nnotKDCTM s otpe3Kax 

nycTb nnOC:KOCTb OTCeKaeT Ha OCRX OTp93KV1 , 

T.e. npOXOAHT LJ€p83 TO"iKIV1 : 

A(a.;O;O) x-a y z , 

1 ~ +~;+~= ! 1 B(O; b;O) -a b 0 = 0 

C~O;O; c) -a 0 c 

l
1

d = lx·cosa + y ·cos P + z ·cosy - p 11 

a.1 HCI:>OpM a lJIIL10HHO-cn paBO'-IH as:. 

Ta6nH._.a 
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J. llpoH3BOJILHJ.di -rpeyroJILHHK 

c>b~y>f3 

~ 
CyM:Ma yrnos -rpeyrom.HHKa 

a+~+y=180° 
BuelliHHii yron Tpeyrom.HHKa 

b=a+f3 
TeopeMB KOCHH)'COB 

b2 =d + c2
- 2accosf3 

TeopeMa CHH)'COB 

_a_=_b_=_c_= 2R 
sin a sin f3 sin y 

(zOe R-paiJuyc OIIUCaHHOU OKf1Y'JICHOCIIf1). 

~ 
S =.!..ah0 S =.!..ac sinf3 

2 2 

S =~p(p-aXP-b'X.P-c), 
a+b+c 

ilOe noJI)lflt!fJUMemp p = ---
2 

J..\CHTp OllHCliHIIOH OKpYJICHilC­

TH - T0'1Ka nepece..-eHHl! cepe­

JIHHHh!X nepneH.IIIIK)'.IUIJlOB. 

abc 
R=-

4S 

1..\emp BOHCliHIIOH OKpYJICHOCTH -
TO'IKB IIepece'1CHHJI 6HCCCKTpHC. 

2S 
r=--­

a+b+c 

HeKOTOpLie CBOHCTHa MC)llfaH, 6HcceKipHC H 

BLICOT 

MeiJuaHbl nepeceKmomcR 
6 oiJHou mo<tKe u mo<tKoU 
nepece<teHUR iJeJIRmcR B 
omHoweHuu 2 : I, C<tumaR 
om BepwUHbl. 

b~C 
~ a 

ECJiu f3=30°, mo c=2a. 

P~c BTIHCIIHHOH OKp)')KHOCrH: 

ab a+b-c 
r r=---

a+b+c' 2 

a 

c 
P~AA.YC OTIHCIIHHOH OKp)')KHOCTH R = 2 

1. llpoH3BOJILHLIH 'ltl'l"hlpCXyrOJILHHK 

~ 
lJerwpi!xyroJI&IDOC, OnHCIIJIIIWii OKOJIO OKpYJICHOCTH 

D. a+c=b+d 

s a+b+c+d 
-----·r 

2 

df +d i = 2(a2 +b2
) 

S = dld2Sinlp 
2 

r=!!..=~· S= d1d2 
2 4a' 2 

S = ah = 2ar = a 2 sin a. 

4. IIpliMOyroJILHHK 

S = ab = d2Sinlp 
2 

,Amma OKp)')KHOCTH C = 2rrR 
IlJiom~ Kpyra S =nR2 

(l) 
Ilno~ KpyroBoro ceKTOpa 

nR2 • 
S=--·n 

360° rrR 
I Mlffi&YTVrU/=--·n" ,...J... 180° 

(II"- zpai)ycHaJt Mepa lleHmpan&Hozo yao) 
IlJio~ Kpyroaoro cerMeHTa 

@ 
S= 11R

2 
·n°±.!..R2sinn" 

360° 2 
:JHQK «+ » HaOo 6pam&, Kaztla 

180° <n" < 360", a :JHaK «-» HaiJo 

6pam&,KoziJa00<n"< 180°, 

(11° - zpaOycHaR Mepa 1/eHmpali&HOZO }'21ta) 

HexOTop:we CBOHCTBa BIIHCaHHhiX yrJioa: 

1. BnucaHHbiU YZOJI pa6eH noJIOBUHe IJemnpaJtb-

® 
HOZO yZJIQ, 011Upa10Ule20CJl HQ 
my J/Ce ~; (BnuCaHHbiU YZOJI 
pa6eH IIOJIOBUHe dyzu. HQ 
Komopy10 oH onupaemcR). 

z a=~=~l 
2. BnucaHHble yZRbl, 3. BnucOHHble yZRbl, 

1. 

onupa10U4UeCR Ha 
00ny u my J/Ce 
Oyzy, paBHbl. 

f3 
onupmoU4ueCR Ha 
inmMemp, npRMble 

COOTHOilleHIDI Me>K.Zzy' ,UJIHHilMH XOp,LI, 

OTpe3KOB KaCaTeJibHbiX H CeK}'IIUIX 

ab = cd 2. AB = AC 

,£) 
4. AD·AE = AB·AC 

IlJiom~, pll,liH)'CLI BTIHCIIHHOH H OTIHCIIHHOH 
otcpyxrnOCTeii: (a - cmopoHa, r- pa0uyc BnucaHHOU 
oKpy:J~CHocmu, R-pa0uyc onuCaHHou OKpy.JICHacmu). 

r R s 
a a a2J3 

'I'pCyrollbBHK 

213 J3 4 
a a 

«'-KBII,llp&T - .fi 2 

IIICCl'Byl1lllh 
ali a 3a2J3 

2 2 
a a fin 

II- yroJ1W1111[ 2tg l 8()" 
2 

sin 180° 180° 
4tg-

n n n 



Ha 1lliOC1wcmu 
1. PacCToJIHHe Me:.:,zzy TO'iK8MH A(x1; y 1) H 

B(x2; ya) L( '12 L \2 
. AB = 'V' %2 -XII +V'2-Yll 

2. Koop~IITLI (x; y) cepe~ 0Tpe3Ka c 
KOHQllMII A(Xt; Yt) H .B(x2; J'l) 

- XI + Xz Yt + Y2 X--2-, y 2 
3. 06JQee ypaBHeHHe npliMoit, nepneH.nHKY­

IDipllOHBeKTOPY n(a;b) 
ax+by+c=O 

4. YpaBHeHHe oxpy>KHOCTH c pa.neycoM R H 
c ~eHTJ)OM s To'ixe (xo; Yo) 

(x-xof +(.Y-Yof = R2 

5. EcJIH A:(x1; yt) H B(.%2; Y2), TO xoop~aTbl 

BeKTopa: AB ( } x2 -xt:Y2 -yt 
MO.IzyJD> BeKTopa: 

IABI =,~~~(~---X. 1,.--+_,.(,-2 --y-lf 
6. CJioJI(eHHe senopos 

a(al;a2)+b(~,·b2)=C(Ot +~;a2 +b2) 

7. YMHOJI(eHHe seXTopa ~) Ha qlfCJio A 

~1 ;a~J A= {k1;hl2 } 

8. CKaiDJPHOO npOH3Be,l{eHHe BCKTOpoB a H b 
;;.b = ral·l~ ·C08<0, 

r,lle f{J - yroJI Me:>E,Zzy BCKTopaMH a H b 
9. CKaiDJPHoe npoH3Be,l{eHHe BeKTOpoB 

a{~;a2 ) H b(~,·b2 ) 
a ·b = a1b1 +a2b2 

10. KocHHYC yrna Me:.:,zzy seXTopaMH 

a{a1:a2 ) H b(~,·b2 ) 
a·b n.)• +a J. 

cos tp := --= -,"1 l"'l 

~~·~ Jt(+a: -J~+bi 
11. Heo6xo,l{HMoe H ,l{OCTaTOqaoe yc.nosHe 

nepneH,l{HxymipHOCTH BeKTOpoB 

~Dt:a2 ) H b{b,;b2 ) 

a·b == 0 HJIH a,~ +a2bl := 0 

(R - ptM}uyc OCH06QHWI KOH)ICO, 

o6~ ICOH)ICa) 
1 s. = TCRI,· V = -rcR2 H,· 
3 

s_= rcR(R+l) 

(.1, 11 R2 - paitllyt:rtl ~ ......,.,.., 
1 -~-.,-) 

s_= n(ll1 +R2 )1+n(R: +~) 
~ S._.:::n(~-t-~)1 

I H 
·· =!nH 

3 

B npocmpaHcmee 
1. PaccTOJIHHe Mejf(,l{y TO'iKaMH .A(x1; Yt; z1) H 

B(x2; Y2; za) 
AB = .J-,_(.¥...;;:;2 ---x~-f-+_(,_2 ___ y,-1-+-(z_2 ___ Zt-f 

2. Koop,l{HH&Thl (x; y; z) cepe.n;HHhl OTpe3Ka c 
KOHllaMHA(xt;yt;Zt) H B(x2;y2; za) 

_ Xt + Xz Yt + Y2 Z1 + Z2 
x- 2 ' y 2 ' z=--2--

3. 06mee ypaBHeHHe DJIOCKOCTH, nepneH,l{H­

xymqmoii senopy n{a;b;c) 
ax+by+cz+d=O 

4. YpllBHCHHe c«tJepw c pa.neycoM R H c 
n;eHTpOM a To'iKe (xo; Yo; Zo) 

(x-xof +(y-Yo'f +(z-zoY = R2 

S. EcJIH A(xt; Yt; Zt) H B(x2; )'2; zl), TO 
tcoop~aTbl senopa 

AB(x2 -xp·y2-Yt··z, -zJ 
MO.IzyJD> BeKTopa 

IABl = ~r:-~-=---x.rr_+_&_, --,)'"""'y +......,(z-2 --~-r 

6. CnOJI(eHHe BeKTopos ~a1;a2;•3)+ 
+ b(~.·b.:,·b3) = ~a~+~; a2+b2,· a3+~) 

7. YMHO)ICCHHe aeXTopa ~1 ; a2 ; a3 ) Ha 'iHCJio A 

~~;a2;a3)A= (l\at;.l.a2;NI3} 
8. CxaJUipHOe DpOH3Be,l{CHHe BeKTOpoB a H b 

;;.b =~~-~~·COS tp, 

r,l{e f{J - yroJI Me)E,lzy BeKTOpaMH a H b 
9. CKa!UipHoe npoH3Be,l{eHHe seXTopos 

~a~,·a2;a3) H b{~;b2,·~) 
a. b = albl + a2b2 + a3b3 

10. KocHHyc yrna MeJ~C,ey seXTop8Mll 

~ap·a2 ,·a3 ) H b(b1,·b2 ,·b3 ) 

a·h 
cos <I' = falll.1 = 

11. Heo6xo,l{HMoe H ,l{OCTaTOqaoe yc.noBHe 
nepneH,l{HICYIDipHOCTH BeKTOpoB 

~a1 ;a2 ;a3 ) u b(~;b2 ,·b3 ) 

06o3H8'iCHIDI: 
H-6wcoma, 
S,.-m~ 6oKotJou no6epxnocmu, 
S..,. - NIOUfaOb IIOJIHOU notJepxHOCmu, 
Y-o6t>I!M. 

{J..-,_.,. OCHOflaHWI, p - nepuMelrfp ~) 

1. HllKJIOHHall npH3M8 

(l -~ p«ipo, P_, ­
nept4Mf!1np ~ 
ZO CewHWI, s_-~ 
nepneHOwcyJUIPHOZO ceWNflll) 

Sfiln<=PIWII; 
v = s_l = SocHH; 

s_ = sfiol< + 2 s""" 
2. Ilpl!MU npH3Ma 

S..=P-H; 
Y=s_H; 

s-=S.+2S.,., 

3. llpliMoyrom.HWi n&piUIJieJiellHIIe.ll 

a 

4. Ky6 

@ 

(111, b, c - ezo U3MepeHUR, 
d - OuazoHa!lb) 

d2=a2+b2+c2; 
Y=ahc; 

s_ = 2(ab + be + ac) 

(a - p#;{jpo) 

d=a.fi: V=rl; 

S..=fHil 

1. IIpoH3BOm.HU IIHpiiMH,D;B 

(S_ -~ OCHOflaHUR) 

s_-s,.+s,_ 

0000 ..,..._, •• 2IJIH r.--. ........ -.tt 

Y=!s ·H 3 QCH 



Pa3mt'IHbte BMAbl yrnoa 

A 

' .' \ B -~~_...:. ___ C 
0 

Aea yrna Ha3biBaiOTCH CMB)t(HbiMI1, ecn11 y HIIIX 

O.QHa CTOPOHa 06lljaR, a APYFII18 CTOPOHbl 9Bml­
IOTCH AOOOfiHI!1TBflbHbiMI1 ny'laMI!1. 
LA 0 B 11 LAOC- CMB)t(Hble Yrflbl. 

• CYMMa CMB*HbiX yrnoe pasHa 180° 

A B 

c 
D 

Aea yrna Haabl eaiOTCSJ seprMKanbHbiMM, ecn11 
cropOHbl OAHOro yrna RBfiRIOTCR AononHI1Tenb­

HbiMI1 ny'laMill cropoH APYroro yrna. 
LAOB 11 LDOC eepTiiiKaflbHble, 

LAOD 11 L BOC eepTI1KaflbHbiB. 
• BBpTHKaflbHbiB yrflbl paBHbl 

(LAOB = LDOC; LAOD = LBOC). 

I 
A I B 

I 

a -
1 

I 
2 

I D c 
b 

npRMaSl ACHa3biBaercR ceKy~qei4 no orHowe­

HI110 K npRMbiM AB 11 CD, ecn11 oHa nepeceKaer 
o6e nPRMble. EcnH npSlMaR AC SlBnRercR ceKy­
IJ.!Biil no orHoweHiiiiO K npRMbiM A B, CD ill, Kpo­

Me roro, r o'IKill B 11 D ne>Kar e O.QHOiil nony'nno­
CKOOTI1 OT ce KYIJ.!Biil A C, TO yrnbl BA C 11 DCA 
Ha3biB310TCfl BHyTpeHHMMM OAHOCTOpOHHMMM. 

J 

a B I 
A j I 

I 

I 

I 
b .D cj 

EcnH AC- ceKyiJ.!aSl no orHoweHI110 AB H CD, 
a TO'IKI1 B ill D fiB)I(aT e paaHbiX nonynnocKo­
CTHX or AC, ro yrnbJ BACH DCA Ha3biBaiOTCH 

BHyTpeHHMMM HaKpecr fl8lK31qMMM. 

I 
• 

a I 3 I 

' 2\/ 
I 
I 1 

b 

I 
CoorsercrBeHHbiMH Ha3biBaiOTCSl yrnbl nps:! ­

MbiX a, b c ceKyiJ.!eiil. 
Yrflbl 1 ~ 3- COOTBBTCTBBHHbiB. 

YacTb 2 

.r.- - .. ---- . 
•.Jf~~)p~~~~H~ I flntryp 

AeneHMe otpe3Ka nononaM 

c 

A 

c, 

B 

nocrpoeHMe. VIa TO'IBK A 11 B U111PKYfiBM OnHCbiBaercR OKpy)t(­

HOCTb paAII1YCOM AB. nycrb c 11 C, - TO'IK1!1 nepece'I8HI1R 

3TI1X OKpy)t(HOcrel1. 0HI1 ne)l(aT e paaHbiX nonynnocKGCTSlX 

OTHOCI1TBflbH0 npRMO~ AB. C OOMOIJ.!biO fii1HB~KI1 COBA111HI1Tb 

TO'IKI1 C 111 C,. OrpeaoK CC, nepeceKaer orpeaoK ABe TO'IKe 

0. 3ra TO'IKa - cepeA11Ha orpeaKa AB. 

npoB9A9HM8 nepneHAHKymtpa K A3HHOM npHMOM 
·"'epea TO'iKY 0 npoeeCTI1 npRMYIO, nepneHAiiiKYfiRPHYIO .QaH­

HO~ npRMOiil a. 
PeweHMe. BoaMO)t(Hbl ABa cny'laR: 

1) TO'!Ka 0 fiB)KI1T Ha npRMOiil a; 
2) TO'IKa 0 HB fi8)1(11T Ha npRMOii! a. 

Cny'laM 1 

c 

A L.....4.___t.-+~-B=--~ 
0 a 

nocrpoeHMe. 0TJ10)1(11M OT TO'IKill 0 no pa3Hbl!l CTOpOHbl OT 

Hee Ha npRMOiil a OAHHaKOBble orpeaKI1 OA, OB. npoee.neM 

ABe OKPY)I(HOCTH OAiiiHaKoeoro pa.n11yca ABc ueHrpoM s TO'I­

Kax A 11 8 COOTBBTCTBBHHO. 0Hill nepeceKaiOTCR B TO'IKB C. 
npoBe,llBM npRMYIO ( oq. OHa nepneHAiiiKYJ1SlpHa npSlMOiil a. 

A 

Cny'tai4 2 
. 0 

o, 

B 
a 

nocrpoeHMe. npoBBABM OKPY)t(HOCTb C UBIHPOM B TO'IKB 0, 
nepeceKaiOIJ.!YIO npRMYIO a B ABYX TO'IKax A ill B. npoBBABM 

ABB OKPY)I(HOCH1 C UBHTpaMI1 B TO'IKax A H Bill paAiiiYCOM, 

paBHbiM OA. nycrb 0, - TO'IKa nepece'IBHHR, OTfl11'1HaR OT 

TO'IKH 0, ( 0 11 0, ne)l(aT e pa3HbiX nonynnocKOCTRX). TorAa 

npf!MaH ( 00,) nepneH.QHKynSlpHa AaHHOiil npRMOiil a. 

nocTpoeHMe tpeyronbHMKa no tpeM CTopoHaM 
nocrpoi1Tb rpeyronbHI1K c AaHHbiM11 cropoHaM11 a, b, c. 

A 

a 

b b 

c c 
c 

nocrpoeHMe. C nOMOIJ.!biO fii1HBiiiKill npOBBABM npOI13BOJ1bHYIO 

npl'!MYIO 11 OTMBTI1M Ha Heiil np0113BOflbHYIO TO'IKY B. PaCTBO­

POM UHPI<YfiR, pasHbiM c, on~CbleaeM or<py)I(HOCTb c I.\BHTJ30M 

B TO'IKB Bill paAHYCOM c. nyCTb C- TO'IKa ee nepeGe'IBHiiiSl 

c rrpRMOl1. Aanee oni1CbJBaeM OKP~HOCTb c ueHrpoM e TO'i­

Ke B PMHYCa a 11 C UBHTPOM B TO'IKB C PMHYCa b. nycrb A 
- TO'IKa nepece'leH~il nocrpoeHHbiX OKPY)t(HOcreiil . Tpeyrono­

HI1K ABC- 11CK0Mbll1. 

noctp08HM8 yrna, paBHOrO A3HHOMY 
0TJ10)t(i11Tb OT AaHHOrO ny'la B .QaHHYIO nonynfiOCKOCTb yron, 

-paBHbiH AaHHOMY yrny. 

c 

A 
B 

nocrpoeHMe. npOBBABM OKpy)t(HOCTb C 1.\BHTpOM B aepwi1H8 

AaHHOro yrna. nycTb B 11 c- TO'IKI1 nepece'IBH~H 0Kpy)t(HOCTI1 

co c;opoHaMill yrna. PaA11YCOM AB nposeAeM oKpy)t(HOCTb c 

UBHTpOM B TO'IKB A, - Ha'lallbHOl1 TOYKB AaHHOro TIY'fa. TO'IKY 

nepece'leHI1H 3Toti OKPY>KHOCTill c AaHHbiM ny'IOM o603Ha-

'liiiM B,. Om1weM oKpy)t(HOCTb c 1.\BHrpoM e B , H PaAHYCOM BC 
To'IKa nepece'ISHiiiR C, noGTPOBHHbiX OKP~Hocreiii B yKa3aH­

Hoiil nonynfiOCKOCTI1 f1B)t(I1T Ha CTOpOHB 11CKOMOfO yrna. 

nocTpOeHMe 6HCCeKTPHCbl yrna 
nocrpoi~~Tb 6HcceKrpillcy AaHHoro yrna. 

. 
~D 

B 

nocrpoeHMe. lt13 eepwi1Hbl 0 AaHHoro yrna, KaK 113 ueHrpa, 

OniiiWBM OKPY)t(HOCTb npOi113BOflbHOro pa.QI1.yca. nycrb B 14 c 
-TO'! Kill nepece'leHI1il ee co cropoHaMH yrna. nocrpoHM ellje 

ABe OKPY)I(HOCTI1 c reM >Ke pa.n11ycoM c ueHrpaMI1 e B 11 C. 
nycTb D- TO'IKa HX nepece'lBHI1H. TorAa [AD) - 11CKOMaSl 

611cceKrp11ca yrna A. 

npoBeaeHHe npstMolt, napannenbHOM aattHOM 
Yepea 3aAaHHYIO TO'IKY A nposecr11 npRMyK>, napannenbHYIO 

.QaHHOl1 npS1MOl1 a. 
.D :A 

• 

B c 
nocrpoeHile. Yepe3 3a.QaHHYIO TO'IKY A 11 npoH3BOflbHYIO ro'I­

Ky B npRMOl1 a Jl'POBe.QeM npHMYIO AB. nycTb c- np0113-

BOflbHaH, OTfi11YHaR OT B TO'IKa npRMOiil a. nocrpoi1M OT ny'la 

AB B nonynnOCKOCTb, HB COABP)I(aiJ.!YIO TO'Il<Y C, yron, pae­

Hbll1 yrny (ABC). nycTb {AD) - CTOPOHa nocrpoeHHOrO yrna. 

TorAa np51MaR AD II a. 

AeneHHe oTpe3Ka Ha n paBHbJX lfacteA 
Pa3.Q81111Tb AaHHbl~ orpe30K AB Ha n paBHbiX '!acre~. 

nocrpoeHMe. nycTb [AB] - AaHHbliil OTP830K. npoBeABM 113 

TO'! Kill A flY'! a, HB C0ABP)I(aiJ.!I1l1 OTP8301< A.B. 0TJ10)1(11M OT 

TO'! Kill A Ha nocrpoeHHOM ny'le paBHbiB orpe3KI1: AA~o 

A,A2 • ... ' A •. ,A •. COSA11HVIM TO'IKI1 A. 11 B. npose.QeM 'IBPB3 

TO'IKH A, A2, ... , A •. , npHMble, napannem:~Hble npRMOiiiA,B . 

0Hi11 nepeceKaiOT orpeaoK ABe TO'IKaX B,, B2, . .. , B •. ,. Or­

peaKH AB, B,B2, .. . , B •. ,.B- iiiCKOMble orpesKill . 

no AaHHbiM OTp83KaM a, b, c OOCTpOiiiTb 0Tp830K X= b ~ C 

nocrpoeHMe. nocrpoiiiM n106oiil Hepa3eepHYTbliil yron c sep­

WI1Hoiil 0. Ha OAHOiil CTOPOHB yrna OT/10)i{HM OTP83KI1 

OA =a, OB = b, a Ha Apyro~- orpeaoK OC =c. C08AI1-

HiiiM TO'IKI1 A ill C, a 'lepea TO'IKY B npoee.QeM npHMYIO BD, 
napannenbHYIO (AC), r.ne D- TO'IKa nepece'leHI1R c ny'IOM 

OC. OrpeaoR OD- 11CKOMbliil. 

.. 



~ ynopS!AO'IeHHaR COBOK)'flHOCTb »3 rr TO'leK. TO'iKH, 

HOMepa KOTOpbiX OTnH'IaiOTCSI Ha e,qHHHI.tY, Ha30BBM COCB,IJ.­

HHMH. flOM3HOK A1A1 •.• A, Ha3biBaeTCSI QJHrypa, KOTOpaSI CO­

CTOHT 143 ynop~AOI.fBHHOH COBOKYOHOOHI TO'lBK H 0Tpe3KOB, 

coe,qHH!ItOI:l.lHX code.AHHe cpe,qH HlliX. To'lKH A, A2, ... • A. Ha-

3btBatOTCSI aepwMHaMM, a oTp,e3KH AtA2, tf~~ .... , A •. ,A. -
3B8.Hb.f1Mtt110.Mal!OH. 3BBAbf.l, HMeiOI:l.lHB 06U.lf1i/i: KGlHeq, H330-

88M cMeliUfi>IMM, .a To'l~H A, 11 A.-KoHqaMM noMaHoi4. no­
MaHafl H33b.JBaBT6!1 npOCTOM, 8C'11H HB.eMB)I(tlbiB ·ee :3BllHb)J lie. 
HMBIOT 061:l.ll4X TO'fBK. noM.aHafl H331'>1Ba8TGll 38MKHyto_M:, ee-

1111 ee KOHL(bl eoe,qHHBHbl orcpeaKoM. -:3ror orpeaoK r$~e Ha­

~i>l~aeTcHaeeH9M, a KOHL!bl 11f!M,8HQM C'li1T3!0TOJ! QQeB,O.HI1MH 

88flWHH8MH. 

npoctaR npMQI{aJI If flOMaf/bte_ C.CElManepece!/'8f:1118!tl 

npoeta!l 33MKiiY'f351 flOMaHa!l Ha3b1Ball:te51 MHOrOyronbHM­

KOM,-ee11H ee CMBlKHbiB 3B8HbSI :He iJ18*3'r· Ha GI,I\HOi1 np!IMOII\. 

BepWHHbl 110MaF!Otll Ha3biB.aJOTC'.ll BepWMH8MM MHOr(lytOJibHM­

Ka, ·a 3BflHb9 JHfi'MHffi1 .,.. C'TOPOH8MM, .QitarOH8ru1MM MHor'O­

yr«iJ1bHMita H33bl8310TGll o:rpe3Kl1, tpe,ql1Hl!Rili.UHe H.B t:OCBA­

HHB 'BBl!IWHHbl M.HOroyrOJlbHI1K;;!. 

nnoCKMM MHOroyrOJ11iHMKOM.Ji3~JBaeTGSI KOHB'IH3SI '18CJb. 

J1110CKGdTi11 QrpaHI.fl.f8HH3SI MHOroyr011bHHKOM - .:e€0 rpaHM­

QeK. TO'iKH nrtOOKOrO MHomyro116trnK3; OTIJtl'lt;~b,le OT TO\laK 

ero rpaflHL1bJ, Ha3biBatOroR BI!YTPBHHMMM:. MHoroyron&HOM 

$Mrypoii Ha3btBaereR oob&AHHBHHe K6HeYHdro YHC11a nho­
CKHX MHOrOyf011bHI1KOB. MHOroyrODbHbiB $Mryp.bl-H.e nepe­

KpbiB810TCA, eOnJIU'lH~ HB ~MBI()T 061:l.li1X BH}iTpeHHHX• JO'IBK. 

MHO(OYfOJlbHa!l l;j:J1-1rypa Ha3bl.Ba8TCSI COCT8BJ1BHHOK .M3 Aall~ 
,HbJX MHOI'OY.fOJll;HbiX ~.Mryp (pa30M10M Ita A3HHiile MHOrO­

yrOJlbHble lt!Mryp!>l), ·ec1111 OHa RB11SlBTCl'II1X 06bBAHH8HHeM, 

a caMt-1 3Tt.1 <t)H( YPb1 .He nepe~pbl1!aiOTCSI . 

360° = 2:n; paAt.1aH, 180° = 1.t p3At.1aH 

1 pa,q = 360o = 180o"' 57o17'45" 
2rr n 

2n rr 
1" = 360 = 180 "' 0,0 1745 

A = l ~O a o - Q:JopMyna nepeBOAa rpaAyeHOI1 B8n1'1'lt.1Hbl 

yrna B paAHaHHytO; 

, OpM3HaKM paaeHCTBa rpeyronbHMKOB 

n epBbiM npM3HaK. Ecnl1 ABe CTOPOHbl 14 yr011 Me>K,qy HI-'IMI-1 

OAHOfO TpeyrOflbHHKa COOTBaTCTB8HHO paBHbl ABYM CTOPO­

HaM 1-1 yrny Me>KAY H~<~M~<~ Apyroro rpeyro11bHHKa, TO raKHe 

rpeyr011bHHKI<1 paBHbl. 

Bropoii npM3HaK. Ec1111 cropoHa 11 ABa np~<~Jle>Kal.I.(I1X K Heei 

yrna 0AH0f 0 TpeyfOflbHI1K3 COOTB8TCTB8HHO paBHbl CTOPOHB 

1<1 ABYM npvtfle>K3LUI1M K HB~ yrnaM APYfOfO rpeyr011bHvtKa, TO 

T3KI18 Tpeyf011bHI1KI1 paBHbl. 

TpeTMii npM3HaK. Ee1111 Tpl-1 CTOpOHbl OAHOro Tpeyr011bHI-1K3 

eooTBeTCTBeHHO paBHbt r peM eropoHaM APYroro rpeyr011b­

HvtKa, TO TaKI-18 rpeyr011bHI1KI-1 paBHbl. 

/"\ 
L , \ ' 

MHOfOiy'fOJlbHM'K Ha3biB38TCSI BblnYIUibiM, BC11H OH ne­

JKHT B OAHO~ 0011ynnoeKOCTI1 OTHOCHT811bHO 111060~ 
n PliMOj;i, COAep>Kal.l.(eii ero CTOPOHY. 

YrnoM BbmyKnoro MHoroyronbHMKa n.pH ,qaHHoii 

eepwHHe Ha3bleaere!l yro11, o6paaosaHHbllll ero eTo­

poHaM~ . CXOA!Il.I.(Ji1MHC51 B OAHOJ.1 BBPW~He. BHBW­

HHM yrnOM BbtnyK110fO MH0fOyf011bHHKa np11 ,qaH­

HO~ BBPWHHe. H3Gb1Ba8TCSI yr011, CMBJKHblii ymy 

MHoroyr011bH~Ka npH sr oj;i eep_wi1He. BbtnYK11bllll 

MHOroyroJJbH~K H33biB-38TCR BnMC8HHbiM B 'OKp'f>K­

HOCTb, eeJJH BCe ero BepW~Hbl ne~aT H3 HeKOTOPO~ 
OKPY>KHOCTI1. MHoroyr011bHHK H33bteaerc!l onMcaH­

HbiM OKOflO OKPY>KHOCTH. BCJl~ BCB ero CTOpOHbl Ka­

C310TC51 HBKOTOPOI1 OKPY>KHOCJL1. 

Ha p11c. e11esa noKa3.aH npii!Mep 3'<l:MKJ,~YTO~· npo­

crol1 110M3HOJ.1, KOTOpaSI 06paayer H8BblnYK11bltll 

MHOfOyfOJlbH11K. BbtnyK11bltll MHOroyr011bH~K 1130-

6pa>KBH Ha TOM >Ke p~cyHKe cnpasa, [AtA )], [A ,4. ] 
- ero AHaro Han 111. 

A' _, 

149 -""'A1--"A6 

A, ~ 

HeBbmyKn5tii 
MHOfOJfOflbHHK 

BbmyKflbtft 

MHoroyronoHHK 

- -

OpasMnbHbiH MHoroyronttHMK 

BbtnyKnbrlll MHoroyro11bHl1k H33breaercSJ npasMnb­

HbiM, ee1111 y Hero see cropOHbl paBHbl 1-1 see yrnbt 

paBHbl. l.leHl pOM npaSH11bHOro MHOfQyfOflbH~K11 H3-

3biBaeTC51 TO'iKa, paBH0Y.Q3118HHaR OT BCBX ero Bep­

WI<IH 11 ecex ero cropoH. l.leHTpanb.HbiM yrnoM npa­

BI111bHOro MHOroyr011bH11K3 Ha_3bl8aeTeR yr o11, OOA 

KOTOpbiM BH)l,Ha eropOHa 113 ero L!BHTpa. 

. - - - . 

noao6Me. nnocKr.rx IIJMryp 

Ec1111 H3MeHt.1Tb (yse11H'li1Tb 111111 yMeHbWHTb) see 

pasMepbl nnocKolll Q:>Hrypbt B o,qHo H TO )f(B '111e11o 

pa·a (OTHOWBHHe OOA06HSI), TO CTapaR ~ HOB3SI QJHry­

pbl H3'3bl8atOTCSI OO.Q06Hb1Mf1. 

B AByx· nOA06HblX Q:>Hrypax nt06bte eoorsercr eeHHbre 

'frDbl paeHbt, ro ecrb, ec1111 ro•rK11 A. B, c, D OAHoi4 

W11fYPbt eoorserer ey10r TO'lKaM a, b, c, d APYrol1 

¢.11rypbt, TO LABC = Labc, L BCD = Lbcd ~ T . .Q. 

J/Ba MHoroyropbH14Ka ( ABCD.EFH abcdef, J')I<IC,) 

noA06Hbl, ecn11 11x yrnbl paBHbl: LA = L a, 
L B = L..b, ,. , L F = Lf, a CTOpOHbl.nponoplfUO­

HaflbHbl: 

AB BC GD PA 
a.b = be : cd = ..... e - fa- · 

B 
b 

c c 

F D f d 

e 

JlnR QOIJ0614R MHOrQyrOnbH14KOB H81JOCTa1'0'1HO T.Oflb · 

!<O npvnopu,MoHaflhHocrM cropoH. Ha.np\-lMep, Ksa,q­

par ABCD 11 poM6 abed (pi!I.C.) ~MeiOT npon.opu~o­

H311bHble CTOPOHbl: K3>KA3R CTOPOHa l(Ba;!lpaTa BABOe 

6011bW8, 'iBM Y. pOM6a, O.QH3KO 11X AH3f OHaJ11!1 He 

nponOPL!I10HaJlbHbl. 

B C 

A L-- --lD 

Ho ,IJ/lfl DOAOQUR rpeyronbHUKOB AOCT8TO'/HO npO• 

nopu,I40I:f8flbHOCT# MX CTOPOf:/. 

C~ii~a abiDJIUIDrl 

uaoroy bHMKa , 

TeopeMa: OrpeaoK, coeAHHRIOlll11~ 11106ble .o.ee rOYKH 

BblnYK110fO n110CKOrO MHOrOyf011bHHK3 (8 'l3CTHOeTI1, 

11106aSl ero A1<13f0H311b), COA8P>KI-1TCR B 3TOM MHOfO­

yrOflbHHKe. 

A B 

CneSICTBMe. BbtnYK11bl ~ nnoCK11~ MHoroyr011bHI1K 

pa36111Ba8TC51 Ha rpeyrOflbHHK~ BeBMI1 AHafOHa11SlMH, 

npoee.QBHHbiM~ 113 OAHO~ (111060i1) ero BBPWI1Hbl. 

TeopeMa. CyMMa yrnoe BbJnYK11oro n-yr 011bHvtRa 

pasHa 180° (n-2). 

TeopeMa. CyMMa ee1111'lHH BHBWH~<~X yrnos BbtnyK110-

ro MHOroyrOflbHHKa, B351TbiX no OAHOMY np11 K3>KAOJ4 

ero eepwi1He, pasHa 360°. 

-· CBOHCTB3 np3BMftbHOrO ·! 

MHoroyronbHM~a 

TeopeMa. npaB~11bHblj;i MHOroyr011bHWK SIBfl!leTCSI 

80L1C3HHbiM B OKPY>KHOCTb W 0011CaHHblM OK0110 OK­

py>KHOCTI1, np11 sroM L!B.HTPbt 9T11X OKPY>t<Hocretll 

coenaAatOT, 

CneACTBHe. l.jeHTP npasHnbHOro MHoroyro11bHI1Ka 

C0803A3BT e L1BHTp3M11 BO~CaHHO.ii 11 Onl!lcaHHOi1 O.K­

py>KHOCTet/l. 

TeopeMa. CTopoHa a. npael111bHOro n-yro11bHII!Ka 

CBA33Ha C pa,q~<~yCOM R on~caHHOM OKPY>KHOCTI-1 

. 180<1 
cpopMy11oj;i a.,= 2R sm n . 

CneSICTBMe. nepi1MBTPbl npaBI1flbHbiX n-yr011bH~KOB 

OTHOCfiTCSl KaK pa,q\llyebl OOHCaHHbiX OKPY>KHOCTej;i. 

0pH3H3KM nOA06HI '- _ 
. 

TpeyrOnbHMKOB 
. . _- _-, -

1J 8l:8.#:i .CJ)O.TBe-,'(6T88HHbllf.'jlrnbl P.8/1Jibl 

(/'l€tcrar:o·'fHQ pa~eHc-FBaJJBY.X'fmOT}'; 

£) see ux c;ropOHbt nponapUuoHaJTbHbl: 

3) o/J88 cropVHbl 0/.JHCJ(O t.peyrOJII:JHHKa 11f!VDOfJ..{fHV­

i'WJ1>fJ6.1 IJ11YM cWpJJHaM APYf.or.oJ a Yfl1bl, 34-
~fl/O.!l8.HH1!18 MB>!<!JY 3TI4MI4 GTO{J.Ofi~M/4 r P8fJ./iiJ>I. 

j(sa np11li)OifOIIItJibiX 
tpeyrona.HHK-& noao6Hbl, ~tl:l'mt: 

Kf1I.8T H fJJQOT8Hjl)t1 OAfl@fO 7peyFOflbiJ.UK-a· fJp.V­

nopi(OOHaflbJibJ Jfti:T.8f¥ U THfiOteH)I(18"JfP.YfOFO; 

3) .1JfJ8--jll'fl8 0/JHOHJ rpeyr(JflbffldK'a /llJBHbl 

,aeyM yrnaM tJpymra: 

00 
o-

lt1Hit>OpM31.4HOHHO­

c n paBO'iH3ll Ta6111111.4a 

© 0 00 «lt1H¢onnacr••, 2006 
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3nnMncoM Ha3btBaeTc~ reoMer pL1YecKoe Mecro TO'ie:K, 

CYMMa paCCT051H~H OT ,l(()TOpbiX AO ABYX 3aAaHHbiX TOYeK 

F; 111 f;; Ha3bl BaeMbiX lfJOIIYC8MM 3~11 ~mea , eCTb '88n W·H1-

Ha nOCTOflliHa51. 

2 2 

YpaBHeHMe 3nnHnca· .:;..+ Y2 = 1. 
a b 

3A8Cb Ha'-lano ~OOp,D!t..tHaT 51BnsaeTGA tteHTpOM CHMMeTpi!U1 

3nJl\11nCa, a OC~ iKOOPJ\~HaT- ero 0Cf1Mit1 CWMMerp~lil. np~ 

.a >. b ¢oKyt bl 3nnwnca ne*a1 Ha oc1o1 OX, npw a < b 

QJOKYCbl anmmca ne>Kar Ha ocM OY. a np~ a = b 3Ilflivmc. 

CTaHOB"TCfl OKpj')f{HOCTbiO ( ql'OKYCbl ann~nca B 3TOM 

c.ny~ae cosna]\alOT c ueHrpoM oKpy>KHOCn1). TaKw:M o6-

pa30M , OKPY)I(HOCTb ecrb "18CTH.bJH cnyc~aif annunca. 

0Tpe30K £.F2 = 2c, rp,e c:::::. Jlaz-b2
/ , Ha3bH'.ta9TCA $0-

i KYCHbiM pacCTO.RHMeM. TOYK&o1 A, B, ~· H D Ha3biBatOTCs:l 

Beip-WHHaMH 3JlnHnca. Or peaoK AB = 2a Ha3btBaeTc.R 

6om.woA ocbto anmtnca, a orpe30'K CD = 2b- ManoA 

3TO ypaBH€HV1e Ha3biBaeTCR KaHOHVI'-11flG1KVIM ypaBirleHII18M 

r1-1nep6onbL 

CIBOHCTBO. f,1-1nep6ona He V1MeeT 06li_llr1X TOYSK C OCbiO 0y1, 

a ocb Ox nepeceKae'T B ,l'l,Byx ro'iKax A (-a; 0} H B(a; 0}, 

KOTOpb19 Ha3biBaKHCs:l BepWH1H3MH rHnep60nbl . 

0Tpe30K AB Ha3b!:BaeTCSl Ae.itCTBHTenbHOM OCbtO rili1nep-

60ilbl ero ,D,lllt1Ha pasHa 2a. LJ 1~cno a Ha3blBaerc~ Aeiicr­

BM·TeJJbHOH nonyOCbHl nmep6onbl:; Y~cno b- MHHMOM no-

nyOCbiQ. 

flRpHble OC1i1 CvtMMeTpMlil. 

. £: 1 
OCble 3JIIUinC8. lJL1Cn O 6 ;;;;;; a E < Ha3biBaeTC5! 3KtqeH-

rpMCitTeTDM 3MMhCa. 

~Jyf =a +t:x; F.M = a- t:x 

Cso·icrao. CyMMa paccro51H~~ or mo6oH TO'LiK11 anmmca 

AO ern QJOKYCOB eCTb BeJH.1\.fMHa nOCTORHHaR H paf3Ha51 

YJ\Boe·HHOH 6on bwe~ nonyoct.<t. 

~ lv!+F;M =a +sx+a- ·s.x = 2a 

CBOMCTBO. 3nmmc ~MeeT ABe B3aJ.1MHO nepneH,AL1KYJUip-

Hble OCL1 CYIMM6TPL1M. 

GBOHCTBO. 3nmmc 111Meer ue~np C~MMerf:n1Lo1 . 

UeHTP CL4-MMeTp1.1VI 311nli1nCa Ha3btsaerc~ ~eHTpoM an-

n.snca. 

npStMaR X = -d Ha3btBaeTCSI AHpeKTp~co~ . COOTBeTCTBy­

fOI.Ue&i1 QJOKycy F; ( -(; 0) rAe d ;;;;;; -~ > a . Hap51.UY c ~no~ 

,[tl4peKTpHcn~ B:BO.Q51T np~MYIO X = dr KOTOpa~ 51 Bn5leTGS1 

CsoActBO. fli1nep6ona lltMeeT ~eHTP CV1MMerpwvl:. 

WeHrp GMMMerpvn1 nmep6onbt Ha3btBaifOT qeHTpOM r"nep-

6onbt. 

CIBOHCTBO .. rt.1nep6ona nep,eceKaercR c npf!MOM y =kx 

1
. 1 b ,.1 b nplil k < a B JJ,BYX TO'-IKax. Ecnt.1 k > a TO 06~1i1X TO-

YeK Y llPflMO~ 1!1 rwnep60.11bl HeT. 

TO!.i,KIII F1 ( -c; 0) V1 ~ ( c; 0) Ha3b1Barorcs:~ ttmKycaMM nt­

nep6onbt 3.o.ec b c = .J a 2 + b 2 • 

g -E ::;::: > 1 

~eM MeHbwe 3Kc~eHTPl>1GliiTer, reM 6onee nmep6ona 

cmara K oclil Ox. 

<l>Mrypa, Ka>KjljaSI TOYKa KOTOPOM paBHOy}:\aneHa OT AaHHO'Ii1 CBOMCTBO. napa6o.na pa.cnono>KeHa 8 lilOnyn.noCKO-

TOYKJ!1 A 111 ~aHHO~ np'ijMO~ I Ha3bJ,aaeTCR napa6ono~. GH'I X~ 0. 

y' = 2px To~KY ( i, o) H83b1Bal0r ljJoKycor.~ napa6ont.ll1 o6oaHa-

l 3TO ypaBH6Hlt1e Ha3biBaeTC51 KaHOHt11'-19CKWM ypaJBHeH~eM Yall(IT 6yKBO~ F 

napa60flbl . npRMast X = - ~ B Kaf-tOHW-feCKO~ CltfCTeMe KOOP.Il~ilii8T -
Csoicrao. napa6ona li1Meer ocb Cl!1MMeTp~111 . Ha3b1Baercs:~ .QHpeKTPM'COi napa6o111t1. PaccTof!HMe or Hee 

Oc:b clii·MMerp111 ~ Ha3b1saerc51 ocMo nap-a6onbl. To'i'Ka ne- AO ¢loKyca Ha3btsaercR~ [Jio:KanbHb,IM napaMerpoM napa6o-

pecelleH~R napa6onbl c OCbiO Ha3b1Baerc~ Bepw,HHOH na- llbl. 0Yes~~t~HO, OH paBeH P· 3Kc~eHrp,111 ~cl-1Ter napa6onbl no 

pa6onbJ. BepWMHa napa60.Iilb1 B KaHOHlil"i9C!KO:~ Cl1,CTeMe onpeAeJ1eHii110 nonarafOT paaHbiM eAMHL~,~qe, ro ecrb £ = 1. 

: ,enepb cao~creo , 11epe3 Koropoe Mbl onpe.QenHJlil1 napa-

'""ISCTb 3 

,ltlltpeKTpMCOA, COOTBeTGTBYIOuteC1 cpoKycy f;(c; 0). 

nycTb M(x1, y1) - TO~Ka 3Jlmmca, TO r,qa ypaiiJHOHHe Ka­

C8TenbHOH ,K 3JUIHncy B ,llaHHOH TOYKe lltlMeeT BHP,: 

X IX YtY I 
a2 +/;2= . 

YcnoaMe KacaHMR npHMOi y = m:x + k 
.2 2 

111 anmmca .£. +L = 1: 
. a 2 b2 

k2 =m.2ti + IY. 

M 

A 
d -·a 0 

-b c 

B 
a d X 

Ooo3HaYliiM ·d = ~ , roi nocKonbKY AJUI nmep6onbl ~ > 1, 

HMeeM d < a. np51Mafl }.: = d Ha3biBaeTC51 AMp·e,KTpMCOH 

rHnep60flb:l, COOTB•BTCTBYfOutSt1. QlOKycy F2• np9.!1MYIO X = ­

d Ha3biBaiOT AMPBKTP~CO" ~ COOTBBTCTBYIOu.telit cjJOKYCY F;. 

Bi~i.ll nmep60nbl 11-1 ee Al1PeKrp~c B KaHOI-IIA' .. teCKOC1 Cl1cre­

Me KOOPA141Har np~BeAeH Ha plilc. 

y 

c X 

6onyl B HOBbiX TepM~Hax MO)K~HO mpopMyn~pOBaTb cne­

AY10li.t1111M o6pa30M: 11t06a~ TOYKa napaoOnbl paBHOYAMe­

Ha 01' ,ee cpoKyca H AVIPeKTPitlCbl . 

Bl11JJ. napa6onbl B KaHoH~!.fecKo~ cvrcreMe KOOPt!\'VIHaT ili1 

pacnona>KeHwe ee ,qli1peKTPVICbl np"se,AeHbt Ha pttc. 

y 

-p/2 X 



r~--------------~~~------------~, 

nons!pfmi C14CTeMa KOOPAHH3'T CTaBKT B COOTBeTCTBMe Ka>t<.nOii T0'11\S Ha 11JiOCI\OCTI1 napy 

'li1C6Jl ( p; qJ ). 0CHOBHbiMI1 fl0Hlln1SIMI1 3TO~ CI1CT6Mbl RBJlliiOTCSI TO'IKa OTC'lBTa- OOJliOC -

11 Jly'i, H8'li1HatO LU11 VJCSI B 3TOVJ TO'IKB, - JlOJl SipHaSI OCb. KoOpAHHaTa p - paCCTOliHIIIB OT 

TO'lKI1 AO JlOJliOCa, KOOP.QHHaTa <p- yron MB>KAY JlOJlliPHOVl OCbiO 11 0Tpe3KOM, C08A11HSIIO­

ll.li1M JlOJliOC Ill paccMaTpi!IBaeMyiO TO'iKy, KOTOpbiVl 6epeTCSI CO 3H8i<OM " +>>, BCJllll yron OT 

OCIII AO or pe3Ka Bbl 'li!ICJlRBTCR npOTI1B 'JaCOBO~ CTP811KI1, 11 CO 3H8KOM «-» B npOTIIIBOJlO­

ilO>KHOM cnyYae. Ba>KHO Jl0HI!IM8Tb, 'iTO 'ii1CJ10 <p B 11011SIPHOVI CI1CieMe onpe,QeneHO HB OA­

H03HaYHO: napaM 'li1CeJl (p; <p + 2:n:n) COOTBBTCTByBT OAHa 11 Ta )1(8 TO'iKa np11 Jll06biX H8-

rypanbHbiX n. ,Qnll non10ca p = 0, a yron ql He onpeAeneH. 

·········· ... cp 
·. 

flOnRpH8JI CUCTeMa KOOPAUH8T. 

. . . . . 

noMJpHble KOOPAI!IHaTbJ nerKO npeo6pa30B8Tb B AeKapTOBbl. nycrb (x; y) - KOOPA11H8Tbl 

TOYKI!I B ABKapTOBOVl CI1CTeMe KOOP.QIIIH8T, (p; <p) - B Jl01lllpHOI1. Tor,Qa 

{
x = p c~s<p, 
y o: pstn<p. 

<I>OpMyilbl o6paTHOrO nepeXOAa: 

p = Jx2 + Y2, 

<p = arctg y , x :t:- 0, 
X 

<p = ~ , X = 0, y > 0, 

1t 
<p= -

2
, x = O,y<O. 

QHnMHAPH't8CK3R M crtJepu'teCK3A CMCTeMbl KOOPAMH3T 

Ha PIIICYHKe 110K838Hbl Lji1J111H.QPI1'leCi<l1e p, <p, z Ill ccpeplll'i8CKI18 KOOPA111H8Tbl r, e. <p 
(noTlllpHbliil paA11Yc. w11pora 11 AOnrora). 

z 
z 

f) 

0 y 
I / 
I / 

p I / 
y 

. I /' ____________ _/ 

M; 

CBS131:l c ;QexaproBbiMIII KOOPAIIIHaraMIII cneAYIOLU11MI1 cpopMynaMIII npeo6pa3oeaH11ll: 

tg<p = ~ , y = p.sin<p 
z 

COS<p = , y= r SiJ1t3COS<p J xz+y2+zz 

to- tn = y ' z = r cose 
e'!' X . 

z o:z 

a 
AeyrpaHHbiH yron - :no YaCTb npocrpaH­

cr sa, 38KJ110'18HH8S1 Me>KAY ABYMR nony­

nnOCKOCTliMI1, 11Me10ll.li1MI1 OAHY o6LUYIO 

rpaH II11.1Y. 

A-----;(3 B 

nonynnocKOCTI1 o. 11 ~. o6pa3YIOLUI!Ie .QsyrpaHHblill yron, Ha3bJBatOTCR ero rpaHli­

MM. 06LU3ll npliM8ll ~TIIIX rpaHeii\ H83bJB38TCR pe6pOM AByrpaHHOfO yrna. nycTb 

TO'lKIII A 111 B B3RTbJ Ha pe6pe AByrpaHHoro yrna. AayrpaHHbl i1 yron o6o3Ha'iaercll 

ABYMll 6yKsaMI1 yron AB. 

TpexrpaHHbtM yron 

a OnpeAeneHMe: TpexrpaHHbiM yron - ar o 

YaCTb npocrpaHcrsa, orpaHI1'1BHHall rpe­

MR Jlf10CKI1MI1 yrnaM11 C 06LUe~ sepWI1-

HOii\ 11 nonapHo o6lJ.li1MI1 cropoHaMI!I, He 

J18)1(8Ul11MI>I B 0AHOI1 OJlOCKOCTI!I. 06LUall 

BepWI1Ha 0 STI1X yrnoB Ha3biB88TCR Bep­

WMHOM rpexrpaHHoro yma. CropoHbl yr­

-c ____ a _Y_ -)> 0 

/ 
/ 

~-- b 

nos Ha3bJB810TCll pe6paMM, nnocK11e yrnbJ np111 sepwi!IHe r pexrpaHHoro yrna Ha-

3bJBatOTCll ero r paHAMM. fpaHH rpexrpaHHoro yrna o6pa3ytOr AByrpaHHble ymbJ. 

TeopeMa «HepaaeHCTBO rpeyronbHMKa AnA rpexrpaHHoro yrna»: Ka>KAbll'4 nno­

CKI111 yron r pexrpaHIJOrD yrna MBHbWB CYMMbl ABYX APYfiiiX ero ll110CK11X yrnoa. 

TeopeMa: a + y + 13 < 360•. 

,[lpyr11MI1 cnoaaMI!I, cyMMa nnOCKI1X yrno.a rpexrpaHHoro yrna MeHbwe 360°. 

TeopeMa <<TeopeMa KOCMHycos AnA rpexrpaHHoro yrna»: 

cos a= cos 13 cosy + sin 13 siny cos A , rAe a , !), y - nnOCKI1e yrnbl, A- .QByrpaH­

HbJJA yron, cocrasneHHbJiil nnocKOCTliMJ-1 yrnos 13 ~>~ y. 

3aMe'I3HMe. C JlOMOUlbiO .QOK838HHO~ reopeMbl MO>KHO Bbl'li!IC1111Tb BeJllol'i i1HY 

.QsyrpaHHoro yrna, 3Haf! nnocKI!Ie yrnbJ rpexrpaHHOro yrna: 

A
_ coso. - cospcos·y 

COS - . A . 
sm ~smy 

Ecn111 rpaHI1 nnbCKI1X yrnos s-3ai1MHO nepneHA11KY11liPHbl, nony'laeM cpopMyny 

rpex KOCI1 HYCOB: cos a = cos ~ cosy 

TeopeMa «TeopeMa CMHycos Anll rpexrpaHHoro yrna,,: 

sin a sin 13 SLO')' 
Cnpase.Qn11so paseHcrso . A = . B -

stu sm sin C 

rAe o., p, y - nnoCKI1e yrnbl r pexrpaHHor.o yrna; A, B. C- npor11aone>KaLU111e 111M 

AByrpaHHble yrnbJ. 

OnpeAeneHMe: HecKOJlbKO nnocKI<lx yrnoa c 0611!11M HaYanoM 0 , 1.13 KOTOPbJX H~>~­

KaKI1e AB8 He ne>KaT B 0,[\HOill JlJlOCKOCT11, o6pa3yiOT MHOfOrpaHHbiM Yf01l. 3TI1 

nnocKI1e ymbl n p~o~ aepw11He MHOrorpaHHOro yrna H83biBatOTCSJ rpaHAMM, a oropo­

Hbl ar~o~x yrnoa - pe6paMM, ro'!Ka 0- aepwMHOM MHororpaHHoro yrna. no •mcny 

rpaHel1 MHororpaHHbJ ~ yron Ha3bJBaercll rpexrpaHHbJM, 'lBTblpexrpaHHbJM 111 T . .Q. 

ECJ111 BCe rpaHI>1 MHOrorpaHHOfO yrna HaXOAliTCSl C O.QHOI1 CTOpOHbl OT K8>KA0iil 113 

flllOCKOCTe~ ero rpaHel1, yron H33bi888TCS1 BbJOYK1lbiM. 

TeopeMa: Ka>KAbliil nnocx11ill yron MHororpaHHoro yrna MBHbwe cyMMbJ scex oc-

T8JlbHbiX ero Jl110CKIIIX Yf110B. 

TeopeMa: CyMMa llJlOCKI1X yrnoB Bbi11YK1l0f0 MHOrorpaHHOfO yrna M8HbW8 360•. 

li1H<f>Op Mal.II10HHO-COpaB04Hal! Ta6n111..1a 
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napannenbHOCTb npRMOM 11 nnocKocnl 

OnpeAeneHMe. npRMa!l Ill RllOCKOCTb 

H33bi8310TCR napanneflbHb/MH, 8CI1H 

OHM He HM910T 061J.11.1X TO'i8K. 

ECilM npRMaSI a napal111911bH3 RI10CKO­

CH1 a, TO RHWYT alia. 

TeopeMa. «RPM3Hall napannent.HDCTII 
npRMOii M RJIOCKOCTM». 

ECilM npSIMa!l BHB JlllOCKOCTM napa11-

11911bHa KaKOM-HM6YAb npAMOM Ha 

nllOCKOCTM, TO 3Ta npSIMaSI napa11-

11811bH3 M C3MOH nllOCKOCH1. 

TeopeMa. TeopeMa o cneAe. 

Ec111.1 nnocKOCTb fJ npoXOAMT 'iepea 

RpllMYIO a, nap31111911bHYIO nllOCKO-

_.,r------,--------
_,"'"" I, 

a 

PICJHOl1. 

a- HBKOTOpall Jl/IOCKOCTb, /- He lle)l(a­

lllall e 3Toil n!IOGKOCTH npllMall, I, - npR­

MaR B Jl/IOCKOCTH a, napanllellbH3R /. 

CTM a, 11 nepeceKaeT 3TY nllOCKOCTb 

no npSIMOM b, TO blja. 

OnpeAeneHMe. 

npSIMYJO b 11HOr,lla H33bi8310T CJIBAOM 

nnOCKOCTM {J Ha Jli10CKOCTI1 a. 

napannenbHOCTb ABYX nnocKOCTeM 

OnpeAeneHMe . .Qse nnocKoCTM Ha3bl­

eatOTCil napannenbHbJMH, ecnM OHM 

He 11M810T 06il.IMX TO'i8K. 

TeopeMa.~pM3HaKnapannent.MOCTM 

nnOCIOCT8ii». 
EcnM ABe nepeceKaiOIJ.IHecll npllMble 

OAHOil JlllOCKOCTM COOTBeTCTB8HHO 

napaJ111911bHbl ABYM npliMbiM APYfOM 

nllOCKOCTH, TO 3TM nllOCKOCTM napaJl­

nellbHbl. 

PIICYJIOII 2. 
P1 II P,- A3HHbl8 OIIOCKOCTH; 

a, 11 a, - npRMble B o/IOCKOCTH P, nepece­

KaiOIJIIISCR 8 TO'!Ke A; 
b, M b, - COOT89TCTBeHHO napanneflbHbl9 

liM oPflMble s n!IOCKOCTII Pt-

Teope~~a EcnM A88 napMilellbHble 

ADK838T8JihCT80_ npose,lleM B ,!\BH­

HOM nllOCKOCTI1 P K3KM8-11H60 ABe ne­

peceK310U\MeCR npRMbte a M b. "'epea 

TO'iKY A npoBe,!leM nap3111l811bHbl8 14M 

npstMbte a, 11 b,. nnocKOCTb P,, npo­

XOARIJ.IaR 'i8P93 npSIMble a, 11 b., na­

pa1111911bH3 11110CKOCTI4 P. 

.QonycrHM, 'ITO 'lepe3 TO'IKY A npoxo­

AMT APYra!l nllOCKOCTb P,, ro>Ke na­

paMellbHaR nlloCKOCTI1 P. OTMeTHM 

Ha Heii K3KYI0-11M60 TO'IKY C, He ne­

lK3U\YIO 8 nllOCKOCTI1 P,. npo86,!leM 

JlllOCKOCTb a '18p83 TO'IKM A, C M K3-

KYJO-Ill460 TO'iKY B nllOCKOCTI1 P. 
nnocKOCTb a nepece'!eT nllOCKOCTM 

P, P1 11 P, no npRMbiM b, a 11 c. Opli­

Mble a 14 c He nepeceKaiOT npSIMYIO b, 

T3K K3K H8 nepeC8K310T nllOCKOCTb P. 

C118AOB3T81lbHO, OHI1 napaJlllellbHbl 

npRMOil b. Ho B nllOCKOCT14 a 'iepe3 

TO'IKY A M0)1(9T npOXO,IlMTb TOilbKO 

OAHa npAMall, napaJlll&llbHall npR­

Moii b. nonY'f9HO npOTI1BOP8'1149. 

nnocKOCTM nepece'i&Hbl Tp8Tb9M, TO TeopeMa 0Tpe3KM napaJ111811bHbiX 

OH3 OCT3BI1R9T H3 3T14X 11110CKOCTIIX npRMbiX, orpaHI1'18HHbl8 ABYMR na-

napaJlllellbHble ClleAbl. PMil&llbHbiMH nlloCKOCTilMM, paBHbl. 

TeopeMa "'epe3 TO'IK)' BHe A3HHOM TeopeMa .QBa yrna C COOT89TCTB8HHO 

nnOCKOCTH MOlKHO npOB9CTI4 MOC- nap3111191lbHbiMM M O,llMH3KOBO Hanpa-

KOCTb, napa1111911bHYIO ,llaHHOM, 14 npH- 8119HHbiMM CTOpOH3MI1 paBHbl 11 ne-

TOM TOilbKO OAHy. lK3T B napartllellbHbiX nllOCKOCTIIX. 

l p/-->-< b 
a 

OnpeAeneHMe. np11Ma11 Ha3bt8aercR nepneH­

,quzynRpHoif nnOCKOCTM, 8CI1M OHa nepneH,I\11-

KYilRpHa 11106oii npliMOii M3 3Toii nllOCKOCTI4. 

Teopeua. ~P113HH nepneHAMKJRRPHDCTM 

npRMOii M RJIOCKOCTII~. 

Ec1111 npRM3R nepneHA11KYI1RpHa KaJKAOil 113 

ABYJ< nepeceK310U\MXCII npSIMbiX OllOCKOCTM, 

TO OH3 nepneHA14KYilllpHa 3TOK nllOCKOCTH. 

A., 

PIICyliOl 4. 
a - npRMaR, nepneH,D,IIKyiiRpHafl npRMblM b II C, 

fl8)1(aUIIIM B OflOCKOCTM p M npRMall a npOXOJIIIT 

'i8Jl83 TO'!Ky A nepece'ieHIIR npflMbiX b II C MOC­

KOCTH p 

TeopeMa nnoCKOCTb, nepneHA11KYilllpHall 0,1\-

H33bi83BTCR 0Tpe30K npiiMOM nepneH,I\j! 

llllpHOM ,ll3HHOM nllOCKOCTM, KOTOpblil C08A~­

HSI8T ,llaHHYIO TO'IKY C TO'IKOH JlllOCKOCTM 

TeopeMa ECilM 1.13 O,!lHOii TO'IKH BHe nllOCKO­

CTM 11POB6A8Hbl K Heil nepneH,!l14KYilllp 14 113-

KilOHHbiB, TO: 

• AJ1t.1Ha nepneH,!li1KYilllpa M8HbWe AJ114Hbl 

111060ii H3KI10HHOM; 

• H3KilOHHbl9 C paBHbiMI1 11p08K1.11111MI4 paBHbl; 

• 113 ABYJ< HaKnOHHbiX 6ollbWYIO Afli1HY i1Meer 

Ta, y KOTOpOii 60ilbW8 npoeKf.ll111. 

TeopeMa • ..0 TJI8X nepneHAHKJnRpax». 

EcllH npllM31l, npoBeAeHHall Ha nllOCKOCTM 

'i8pe3 OCHOBaHMe H8KI10HHOM, nepneHA14KY­

IlllpHa ee npoeKI.IH14, TO OHa nepneHA14KYI1Rp­

Ha M CaMOii H3KI10HHOM. 

llycTb AC- H3KilOHHaA npRMall K nllOCKO­

CTI1 P, BC- npoeKLIHil npi!Moii AC Ha nlloc­

KOCTb P, T.e. BCEP. npllMaR BC nepneHAH­

KYilllpHa np!IMOii /, llelKall.leii 8 aroll nnocKo­

CTH. Tpe6yercR AOKa3aTb, 'ITO HaKilOHHaR AC 

HOM 113 ABYJ< napaJ111811bHbiX npiiMbiX, nepneH- TaK>Ke nepneH,IlMKYilllpHa npRMOii I. 

A14KYI111PH3 11 ,llllyroii. A 

TeopeMa. Aee np!!Mbte, nepneHAMKYilllPHbte 

OAHOii Jli10CKOCTI4, nap3111181lbHbl M9JKAY C0-

6oii. 

TeopeMa EcnM npllMaR nepneHA11KYI1RpHa 

0,1\HOii 113 ,1\BYJ( napMilellbHbiX nllOCKOCTeil, 

TO OHa nepneHA11KYilllpHa 14 APYfOM. 

TeopeMa • .Qse n11oCKOCTM, nepneHAMKYilllp­

Hbte OAHOil npRMOK, nap31111ellbHbl MelK,Ily 

co6oi!. 

OnpeAeneHMe.nepneH,qHKynRpoM,npoeeAeH­

HbtM 113 ,!l3HHOii TO'IKI1 Ha ,ll3HHYIO OllOCKOCTb, 

p 

TeopeMa (olip8THatl). EC1114 npllMaA Ha MOC­

KOCTI1 nepneHAMKYilllpHa H3KilOHHOil, TO OHa 

nepneHA11KY1111pHa 14 np06K1.1111<1 H3KilOHHOil. 

nycTb IJ..CA, IEP. yPe6yeTCII AOK333Tb, 'ITO 

IJ..CB, rAe CBEPM ll811ReTCil npoeKLIMeil 

npRMOii CA Ha n11ocKOCTb P. 

nepneHAIIIKynApiiOCTb ABYX nnOCKOCTeM 

OnpeAeneHMe. ,[JBe nepeceKatOU\M&Cil nnocKo- TeopeMa. ECJlllt nllOCKOCTM a 11 fJ B3at.1MHO 

CTM H33biB310TCil nepneH,qMKyflRpHbiMH, 8CJlM 

yP8Tbll llllOCKOCTb, nepneHA11KYI1RpHaA npii­

MOM nepece'i8HI11l 3THX nllOCKOCTeii, nepece­

KaeT HX no nepneHAMKYilllpHbiM npRMbiM. 

TeopeMa ~P113HH nepneHAHKJnllpHOCTM 

AJIYX RJIOCKOCTeii~. 

EcnM nllOCKOCTb npoXOAMT 'i9pe3 RPRMYIO, 

nepneH,Ili1KYilliPHYIO ,llllyroil RllOCKOCTM, 

TO 3TI1 nnOCKOCTI1 nepn9H,!lMKYI1RpHbl. 

PIIC'fMOl 6. 
a- JlPflM3A, nepnSHJIIIKYIIApHall Jl/IOCKOCTII P; 
P, - MOCKOCTb npoXO.QIIUI3JI ~epeJ RP~MYIO a 
b - ~PP'*all 1'0 kOTOpoH ~epe::eKaiOTC~ r"'C 

p ~ p ""' '>'"""'..IU'"·J.'-•..-n ... 

nepneHA11KYI1RpHbl, 11 K JlllOCKOCTM a npoee­

ABH nepneH,Il14K)'I1Ap, 14M8IOIJ.IMM 061J.1YIO TO'iKY 

C RllOCKOCTbiO {J, TO 3TOT nepneH,!lMKYilRp ne­

)1(11T B 11110CKOCTH {J. 

TeopeMa nycTb JlllOCKOCTH a II fJ nepneH,IlH­

KYIIIIPHbl Jl110CKOCTM y H nepeC9K310TCII no 

npiiMOM a, TOr,lla a.J.. y. 



DnpeAeneHMe. 06l1JHM nepneHAHK}'nRpOM 

,4Byx CKpe[#HBa/O[#HXCR npRMb/X H33blB3-

8TC~ 0Tpe30K C KOHUaMII Ha 3TIIX npllMbiX, 

nepneH,qiiK)'IUipHbiH K3lK,[IOH 113 3THX npli­

MbiX. 

TeopeMa Ase CKPBLI.IIIaaiOLI.IHecR npRMble 

HMSIOT 06L1.114H nepneH,IIHKY!lllp, 11 npiiTOM 

8,1111HCTB8HHblH. 

fleMM3. Ase CKP9LI.IIIB310LI.II18Cll npRMbiB 

JlS)I(aT B napaJJJ1811bHbiX OJlOCKOCTRX. 

DnpeAeneHMe. YmoM MeJKP.Y HaKnOHHoil H 

nnocKOCTb/0 Ha3btaaeTcR yron Me)l(,lly Ha­

K110HHOi1 11 ee opToroHai1bHOi1 npoeKI.IIIei1 

Ha 11110CKOCTb. 

II:, 

TeopeMa o6 D61QBM nepneHAMKynApe ABYX CKPBIQMB3tOIQMXCA npAMbiX 

Ha pHCYHKe 7 noKa3aHa HaKilOHHaR AB, 
OB = llp.AB, LABO- yron Me)l(,lly Ha­

KilOHHOH AB 11 nnocKOCTbiO a. Ecn11 11PA­

MaR 113pai1Jl8JlbH3 11/lOCKOCTM, TO yr011 Me-

Jt(,lly HHMII no onpe,qeneHIIIO pa- 3aMeTMM 'ITO" BC = OB. BC 
aeH 0". Ecnll npliMall nepneH,IIIIKY- ' . AB AB OB 
llllpHa nnOCKOCTM, TO yron M8Jt(,lly 

HHMH paseH 90". EcnM (J - yron 

Me)l(,lly npRMOi1 M nnOCKOCTbiO 

TO 0°<: {J < 90" npOB8A8M a 

nnOCKOCTH a npOM3BOJlbHYIO 

npRMYIO b 'lepe3 TO'I KY B TaK, 'ITQ-

6bl OC .l b. nycTb LABO = f3, 
LOBC = y, LABC = rr PaccMaTpHBall 

11PRMoyronbHble TpeyronbHII KM ABO, 
OBC, ACB, IIMeeM 

OB BC BC 
cosp = AB, cosy= OB . coscp = AB · 

111111 COS<p =COS p ·cosy 

Mbl nOily<tll/111 IIJOPMYny rpex KOCIIHYCDB. 

06paTIITe BHIIM3HII8 Ha TO, 'ITO nJlOCKOCTII 

yrnoa {J II y a3aiiMHO nepl1eH,IIIIK)'JlllpHbl. 

3alle'I3HIIe. nocKOJlbK)' Yrllbl q;, {J II y OCT­

Pble, 113 $OPMY11bl Tpex KOCMHYCOB cneAY­

eT, 'ITO COS p > COS<p 11 ()" < p <cp. 

TaKMM o6paaoM, yrnoM {J Me)l(,lly HaK/loH­

HOi1 M ee OpTOrOHailbHOH 11pOBKU118i1 Ha 

11/lOCKOCTb RB/lR8TCR HaMM8HbWIIM 113 yr-

1108, 06p330BaHHbiX HaK/lOHHOM C 11pRMbi­

MM nllOCKOCTM a. 

napannenbHOCTb npAMbiX 

DnpeAeneHHe. napaJJnenbHOe npoeKTHpoeaHIIe, np11 

KOTOPOM 11pOeKTI1PYIOLI.I11e 11PRMble nepneH,1111KynRpHbl 

K nllOCKOCTI1 np09KUMM, H33biB39TCR OpTOroHanbHbtM 

npaeKTHpOBaHH8M. 

DnpeAeneHIIe. Ase npRMble a 11pocTpaHCTBe Ha3biBaiOTCR 

napanfl8flbHb/MH, 8Cflll OHM lle)I(3T a O,IIHOM nllOCKOCTH 

11 He lo!MeiOT 06LI.IIo!X TO'IBK. 

OnpeAe!leHIIe. npRMble, KOTOpble He lo!MeiOT 06LI.IIIX T0'18K 

lol He 113Pai111811bHbl, H33biB310TCR CKpe[#HBa/O{#HMHCR. 

3aMe'laHIIe. CamacHo onpe,qelleH1110, ,qee napaJJnellbHble 

npRMble Jle)l(aT B 0,1\HOM ni!OCKOCTII. flerKO 33M9TIITb, 

'ITO 'lepe3 ,qee napaJJnellbHble npRMbte MO)I(HO npoeec­

TII TOJlbKO 0.1\HY niiOCKOCTb. 

TeopeMa. nno111aAb opToroHanbHOH npoeKL\1111 MHoro­

yronbHMKa Ha nllOCKOCTb pasHa npOH3Be,lleHHIO ero 

nllOL1.13,1111 Ha KOCI1HYC yrna Me)l(,qy nllOCKOCTbiO MHOrO­

yroflbHMKa II nllOCKOCTbiO npoeKL\1111: Sop= S COS<p . 

MHororpaHHHKOM a rpexMepHOM npo­

crpaHcTee H33biBaeTCR COBOK)'nHOCTb 

KOHe'IHOrO 'llfCJia OIIOCKMX MHOroyrOflb­

HIIKOB T3K311, 'ITO: 

• KalK,[Iall CTOPOHa IIIOOOfO 113 MHOro­

yrollbHMKOB eCTb <JAHOBpeMBHHO CTOpo­
Ha ,qpyroro (HO TOIIbKO OAHOfO), Ha3bl­

saeMOro CMeJKHbtM c nepBbiM no :noi\ 

CTOPOHe; 

TeopeMa. 'iepe3 TO'IK)' BHe ,113HHOi1 npRMOi1 MO)I(HO 11pO­

BeCTiol 11pliMYIO, 113Pai111ellbHYIO ,I\3HHOi1, 11 npiiTOM TOI!b­

KO O,&Hy. 

OcttDBHbiB nOHATHA 

TeopeMa «<lpii3HaK cKpeli.IIIB310l!IMXCA npAMbiX». 

ECJ111 O,IIHa lol3 ,IIByx npliMbiX lle)I(IIT a nnOCKOCTII, a ,qpyrall 

nepeceKaeT ary IIIIOCKOCTb B TO'IKe, He npiiH3,11119)1(3LI.I9M 

nepsoi\ npliMOH, TO 3TI1 ,&Be npl!Mble CKP8LI.I11BaiOTCR. 

Pai1Jle11bHbiX ni!OCKOCTRX, H33bi838TCH 

npH3MaTOH!JOM. 

npH3Ma, nHpaMHj:Ja II YC8'1BHHaR nHpaMH­

M - '13CTHbte CIIY'!alf npllaMaTOII,&a. Bee 

60K08bl8 rpaHM nplf3M3TOM,I\3 iiBJllliOTC~ 

TpeyrOIIi!HMK3MII MJllf 'iBTblpexyrO)lbt!III\3-

MII, np~t~eM 'leTbtpexyronbHbte rpaHM -

aro Tpane1.11111 111111 nap31111enorpaMMbl. 

• OT JliOOOfO 113 MHOrOyrOIIbHMKOB, COCTa­

anRIOLI.IMX MHOrorpaHHIIK, MO)I(HO ,1\0MTM 

,qo mo6oro lol3 HMX, nepexo,q~~ no o~epe­

.1\M OT 0,1\HOrO MHOfOyro!lbHI1Ka K ,qpyro­

My, CMe)I(HOMY C Hlo!M. 

MlloroyrOJibHitKII, 113 KOTOpbiX COCTO~T 
MHOrorpaHHIIKM, H33bi8310TCR rpaHRMH, 

11X CTOPOHbl - pe6paMH, a lo!X sepWMHbl­

BBpuJHHaMH MHOfOrpaHHMKa. 

Ha PMCYHKe 8 npHee,qeHbl H9KOT0pbte RpM­

Mepbl MHOrorpaHHIIKOB. 

DnpeAeneue. MHororpaHHHK Ha3btaaeTcR 

BblflYKnb/M, 8CIIM OH lle)I(MT no 0,1\HY CTQ­

POHY OT n!lOCKOCTM JliOOOM ero rpaHM. 

1!13 :noro onpeAeiiBHII!I cl!eAYeT, 'ITO see 

rpaHM BblnyK/lOfO MHOrorpaHHMKa RBJlR­

IOTCll ni!OCKMMM abtnYKJlbiMII MHOroyro!lb­

HMKaMII. noeepXHOCTb BblnYKilOro MHOro-

rpaHHMKa COCTOIIT 113 rpaHeil, KOTOpble J18-

)1(3T s paaHbiX nnocKocrRx. np11 aToM pe6-

paMII MHOrorpaHHMKa RB11RIOTCR CTopOHbl 

MHOroyr011bHIIKOB, sepWMH3MM MHOrO­

rpaHHI!Ka- eepWI!Hbl rpaHei\, ni!OCKMMII 

ymaMif MHOrorpaHHMKa - yrnbl MHOfO­

yrOIIbHMKOB-rpaHei\. 

TeopeMa CHMRCOH3. 

06b9M Vnpii3M3TOM,qa MO)I(HO H3MTI1 no 

1 
!PoPMYne: V = - H(S~"+· 4S + S2) , 

6 
rAe H- ero Bbtcora (paCCTORHMB Me)l(,lly 

OJIOCKOCT!IMM OCH083HMM), S, II S, - nno-
1113.1111 OCHOB3HIIi1, S- niiOLI.Ia,llb CP81JHBro 
C8'18HHR (Celfi!HMll, napai1118JlbHOrO ni!OC­

KOCT!IM OCH083HI1i1 11 ,I\BII~LI.I9f0 BbiCOTY 

nononaM). 
DnpeAeneHHe. BbtnYKJlbli1 MHororpaHHMK, 

see sepwMHbl Koroporo IIB)I(aT s ,qsyx na-

OnpeAenettue npasunbttoro MHororpaHHHKa 

Cpe,qM ni!OCKIIX MHOroyrOflbHMKOB 

OC060e MeCTO 33HIIM310T npaBIIIIb­

Hble MHOroyrOIIbHMKII. Cyli.IBCTBYIOT 

liM «OpaUMilbHble MHOrorpaHHMKM•, 
14 'ITO 3TO T3KOB? 

E111e e ,qpeaHei1 rpeu1111 6blllll ~t3eecT­

Hbl nRTb Y.I\MBIIT911bHbiX MHOfOrpaH­

HIIKOB. 

DnpeAeneHMe. MHororpaHHIIK Ha3bl­

aaeTCSI npaBHnbHbtM, ecn11 ace ero 

rpaH~o~ - paBHbte MelK,[Iy co6oi1 npa-

6111lbHble MHOroyrOilbHMKI1, 113 Kali<­
,IIOM ero BepWMHbl BbiXO,I\MT OA11HaKO­

BOB 'IIICJlO pe6ep 11 ace AByrpaHHble 

Yrl!bl paBHbl. 

TeopeMa. Cyl1.18CTayeT He 6o11ee nRTiol 

pa3J111'1HbiX Blol,l\08 npaBMJlbHbiX MHO­

rorpaHHIIKOB. 

npaBitHI.Hble MHOfOrp3HHIIKit. 
06o3H3'1BHI1ll: a- pe6po, H- BbiCO­

Ta, S- 11110L1.13,11b noeepXHOCTII, V­
o6beM, R - pa,qMyc on11caHHOil C$e­
pbt, r- p3,1111yc BnMCaHHOM C$epbl. 

Ky6. Bee weerb rpaHeil- TeTJI83AJI. Bee qeTblpe 01TI3AJI. Bee BOCeMb AoAera3AP. Bee 12 rpa- MIOC83AP. Bee 20 rpa-
Ke3Jll)aTbl. 11Meer eoceMb rpaHH - p38HOCTOpDHHI1B rpaHeil - paBHOCTOpOH- HBK - npaBI1flbHbl8 n~TM- Heii - paBHOCTOPOHHI16 
B&pWI1111112 pe6ep. rpeyronbHIIKI1.11Meer Hl16 TpeyronbHMKH. yronbHMKI1. li!Meer rpeyronbHHKH. 11Meer 

~6Tblpe BBpWMHbl II 11MeeT wecTb sep- 20 sepwKH 11 30 pe6ep. 12 sepwMH 11 30 pe6ep. 
weerb pe6ep. W11H 1112 pe6ep. 

R= 1.J3 R =*.J6 R=!!. Ji 
2 R=~(I+J5)J3 R= iJ2(5+J5} 

a r=.!!....J6 r=!!. J6 7 =~(3+ 3) r= -
2 12 6 ·hJ 

S= 6a2 S=a'J3 S = 2a1 ,/3 
S = 3u' 

- .. J 
V =a' V a· r:; a - i'=-a' (- '5 = 11 "- r =T~2 

1-

nyclb SA,A, ... A, - npaBM11bHaR n-yronbHall nHpa­

MI1,113. BeeAeM cneAYIOL1.111e o6o3H3'1eHMR: 

• a - yron HaKIIOHa 6oKoeoro pe6pa K niiOCKOCTII oc­

HOBaHMR; 
• {J- ABYfP3HHbli1 yro11 np11 OCHOB3HI1H; 

• y- nnocKIIi1 yro11 np11 aepwHHe; 

• 0- ,qeyrpaHHbli1 yron npM 60KOBOM pe6pe. 

Tor,qa cnpaae,qni1Bbl COOTHOW8HI1SI: 

sin l 
tga.=cos.!!. · tgA · cosa.= --2 · n P l . n 1 sm2 

. 7t 0 p 71:1. sma. =ctg- ·M<Y- · cos =ctg-·tg · · 
n "'""'2 ' n 2 ' 

cos~ 
sinA=--2 p . lt • smn 

MH~pMa~oHHo-cnpaao~HaR 

Ta6nM~ 
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